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The  book  is  a  monograph  written  as  a  result  of  research  by  the 
author.  The  diffraction  of  plane  electromagnetic  waves  by  ideally 
conducting  bodies,  the  surface  of  which  have  discontinuities,  is  in¬ 
vestigated  in  the  book.  The  linear  dimensions  of  the  bodies  are 
assumed  to  be  large  in  comparison  with  the  wavelength.  The  method 
developed  in  the  book  takes  into  account  the  perturbation  of  the  field 
in  the  vicinity  of  the  surface  discontinuity  and  allows  one  to  sub¬ 
stantially  refine  the  approximations  of  geometric  and  physical  optics. 
Expressions  are  found  for  the  fringing  field  in  the  distant  zone. 

A  numerical  calculation  is  performed  of  the  scattering  characteristics , 
and  a  comparison  is  made  with  the  results  of  rigorous  theory  and  with 
experiments. 

The  book  is  intended  for  physicists  and  radio  engineers  who  are 
interested  in  diffraction  phenomena,  and  also  for  students  of  advanced 
courses  and  aspirants  who  are  specializing  in  antennas  and  the 
propagation  of  radio  waves. 
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FOREWORD 


First  of  all,  one  should  explain  the  term  "physical  theory  of 
diffraction".  In  order  to  do  this,  let  us  discuss  briefly  the  histo¬ 
rical  development  of  diffraction  theory. 

If  one  investigates,  for  example,  the  incidence  of  a  plane  elec¬ 
tromagnetic  wave  on  a  body  which  conducts  well,  all  the  dimensions  of 
which  are  large  in  comparison  with  the  wavelength,  then  the  simplest 
solution  of  this  problem  may  be  obtained  by  means  of  geometric  optics. 

It  is  known  that  in  a  number  of  cases  one  must  add  to  geometric  optics 
the  laws  of  physical  optics  which  are  connected  with  the  names  of 
Huygens,  Fresnel,  Kirchhoff  and  Cotier.  Physical  optics  uses,  together 
with  the  field  equations,  the  assumption  that  in  the  vicinity  of  a 
reflecting  body  geometric  optics  is  valid. 

At  the  start  of  the  Twentieth  Century,  a  new  division  of  mathe¬ 
matical  physics  appeared  —  the  mathematical  theory  of  diffraction. 

Using  It,  rigorous  solutions  to  the  problem  of  diffraction  by  a  wedge, 
sphere,  and  Infinite  cylinder  were  obtained.  Subsequently,  other 
rigorous  solutions  were  added;  however,  the  total  number  of  solutions 
was  relatively  small.  For  sufficiently  short  waves  (in  comparison 
with  the  dimensions  of  the  body  or  other  characteristic  distances) 
these  solutions,  as  a  rule,  are  ineffective.  Here  the  direct 
numerical  methods  also  are  unsuitable. 

Hence,  an  interest  arose  in  approximation  (asymptotic)  methods 
which  would  allow  one  to  Investigate  the  diffraction  of  sufficiently 
short  waves  by  various  bodies,  and  would  lead  to  more  precise  and 
reliable  quantitative  results  than  does  geometric  or  physical  optics. 
Obviously,  these  methods  must  in  some  way  be  considered  the  most 
Important  results  extracted  from  the  mathematical  theory  of  diffraction. 
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In  the  "geometric  theory  of  diffraction"  proponed  by  Keller,  the 
results  obtained  In  the  mathematical  theory  of  diffraction  of  short 
waves  were  exactly  the  ones  which  were  used  and  generalized.  Here, 
the  concept  of  diffraction  rays  advanced  to  the  forefront.  This 
concept  was  expressed  rather  as  a  physical  hypothesis  and  was  net 
suitable  for  representing  the  field  in  all  of  space:  it  was  not 
usable  where  the  formation  of  the  diffraction  field  takes  place  (at 
the  caustic,  at  the  boundary  of  light  and  shadow,  etc.).  Here  it  is 
impossible  to  talk  about  rays,  and  one  must  use  a  wave  interpretation. 

What  has  been  said  above  makes  it  clear  why  a  large  number  of 
works  appeared  in  which  the  diffraction  of  short  waves  was  investi¬ 
gated  by  other  methods.  Among  those  applied  to  reflecting  bodies  with 
abrupt  surface  discont inuities  or  with  sharp  edges  (strip,  disk, 
finite  cylinder  or  cone,  etc.)  one  should  first  of  all  mention  the 
works  of  P.  Ya.  Ufimtsev.  These  works  began  to  appear  in  print  in 
1957,  and  it  is  on  the  basis  of  them  that  this  book  was  written. 

\ 

P.  Ya.  Ufimtsev  studied  the  scattering  characteristics  by  such 
bodies  by  taking  into  account,  besides  the  currents  being  excited  on 
the  surface  of  the  body  according  to  the  laws  of  geometric  optics 
(the  "uniform  part  of  the  current"  according  to  his  terminology),  the 
additional  currents  arising  in  the  vicinity  of  the  edges  or  borders 
which  have  the  character  of  edge  waves  and  rapidly  attenuate  with  In¬ 
creasing  distance  from  the  edge  or  border  (the  "nonuniform  part  of  the 
current").  One  nay  find  the  radiation  field  created  by  the  additional 
currents  by  comparing  the  edge  or  border  with  the  edge  of  an  Infinite 
wedge  or  the  border  of  a  half-plane.  In  certain  cases,  one  is 
obliged  to  consider  the  diffraction  interaction  of  the  various  edges 
—  that  is,  the  fact  that  the  wave  created  by  one  edge  and  propagated 
past  another  edge  is  diffracted  by  it  (secondary  diffraction). 

Such  an  approach  to  the  diffraction  of  short  waves  has  great 
physical  visualizabllity  and  allows  one  to  obtain  rather  simple 
approximation  expressions  for  the  field  scattered  by  various  metal 
bodies.  This  approach  may  be  called  the  physical  theory  of  diffract  ion 
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Th la  nano  Is  applied  to  many  works  on  the  diffraction  of  short  waves 
in  which  the  mathematical  difficulties  are  bypassed  by  means  of  physi¬ 
cal  considerations. 


It  is  clear  that  the  physical  theory  of  diffraction  Is  a  step 
forward  in  comparison  with  physical  optics,  which  In  general  neglects 
the  additional  (edge)  currents.  The  results  obtained  In  this  book 
show  that  with  a  given  wavelength  the  physical  theory  of  diffraction 
gives  a  better  precision  than  physical  optics,  and  with  a  given  pre¬ 
cision  the  physical  theory  of  diffraction  allows  one  to  advance  into 
the  longer  wave  region  and,  in  particular,  to  obtain  a  number  of 
results  which  are  of  interest  for  radar  where  the  ratios  of  the  dimen¬ 
sions  of  the  bodies  to  the  wavelength  do  not  reach  such  large 
values  as  In  optics. 

In  addition,  the  physical  theory  of  diffraction  encompasses  a 
number  of  Interesting  phenomena  which  are  entirely  foreign  to  physical 
optics.  Thus,  in  a  number  of  cases  the  additional  currents  give,  not 
a  small  correction  to  the  radiation  field,  but  the  main  contribution 
to  this  field  (see  especially  Chapters  IV  and  V).  If  a  plane  wave 
is  diffracted  by  a  thin  straight  wire  (a  passive  vibrator),  then  the 
additional  current  falls  off  very  slowly  as  one  goes  further  from  the 
end  of  the  wire.  Therefore,  the  solution  is  obtained  by  summing  the 
entire  array  of  diffraction  waves  (secondary,  tertiary,  etc.)  which 
successively  arise  as  a  consequence  of  the  reflection  of  the  currents 
from  the  ends  of  the  wires.  It  has  a  resonance  character.  Thus,  the 
problem  of  the  scattering  of  the  plane  wave  by  a  finite  length  wire 
which  is  a  diffraction  problem  of  a  slightly  unusual  type  Is  solved 
In  Chapter  VII.  The  resulting  solution  is  applicable  under  the  condi¬ 
tion  that  the  diameter  of  the  wire  is  small  In  comparison  with  the 
wavelength  and  length  of  the  wire,  and  the  ratio  of  the  length  of  the 
wire  to  the  wavelength  is  arbitrary. 

The  final  equations  which  are  derived  in  this  book  and  are  used 
for  calculations  are  not  asymptotic  in  the  strict  sense  of  the  word. 


i 

s 
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therefore,  it  is  natural  to  pose  the  question:  in  what  way  will  the 
subsequent  asymptotic  equations  differ  from  them  when  at  last  one 
obtains  them  in  v.e  mathematical  theory  of  diffraction?  One  can  say 
beforehand  that  the  main  term  of  the  asymptotic  expansion  will  not, 
in  the  general  case,  agree  with  the  solution  obtained  on  the  basis  of 
physical  considerations :  other  (as  a  rule  more  complicated)  slowly 
varying  functions  which  determine  the  decay  of  the  fields  and  currents 
as  one  goetf^.further  from  the  edges  and  borders,  and  also  the  diffrac¬ 
tion  interaction  of  the  edges  and  the  shadowing  of  the  edge  waves  will 
figure  in  the  main  term.  However,  the  refinement  of  the  slowly  vary¬ 
ing  functions  in  the  expression  for  the  diffraction  field  is  not  able 
to  seriously  influence  the  quantitative  relationships.  This  is  seen 
from  a  comparison  of  the  results  obtained  in  this  book  with  calcula¬ 
tions  based  on  rigorous  theory  and  other  approximation  equations,  and 
also  with  the  results  of  measurements. 

The  relationships  obtained  in  this  book  also  should  help  the 
development  of  asymptotic  methods  in  the  mathematical  theory  of  dif¬ 
fraction,  since  they  suggest  the  character  of  the  approximations  and 
the  structure  of  the  desired  solution. 


L.  A.  Vaynshteyn 
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INTRODUCTION 


In  recent  years ,  there  has  been  a  noticeable  increase  of  interest- 
in  the  diffraction  of  electromagnetic  waves  by  metal  bodies  of  complex 
shape.  Such,  diffraction  problems  with  a  rigorous  mathematical  formu¬ 
lation  reduce  to  an  interpretation  of  the  wave  equation  or  Maxwell 
equations  with  consideration  of  the  boundary  conditions  on  the  body’s 
surface.  However,  one  cannot  succeed  in  finding  solutions  in  the 
case  of  actual  bodies  of  a  complicated  configuration.  This  may  be 
done  only  for  bodies  of  the  simplest  geometric  shape  —  such  as  an 
infinitely  long  cylinder,  a  sphere,  a  disk,  etc.  It  turns  out  that 
the  resulting  solutions  permit  one  to  effectively  calculate  the  dif¬ 
fraction  field  only  under  the  condition  that  the  wavelength  Is  larger 
than,  or  comparable  to,  the  finite  dimensions  of  the  body.  In  the 
"quasl-optIcal"case,  when  the  wavelength  is  a  great  deal  less  than  the 
dimensions  of  the  body,  the  rigorous  solutions  usually  lose  their 
practical  value,  and  it  is  necessary  to  add  to  them  laborious  and 
complicated  asymptotic  studies.  Here,  the  numerical  methods  for  the 
solution  of  boundary  value  problems  also  become  Ineffective.  There¬ 
fore,  in  the  theory  of  diffraction  the  approximation  methods  which 
allow  one  to  study  the  diffraction  of  sufficiently  short  waves  by 
various  bodies  acquire  great  importance. 

The  field  scattered  by  a  given  body  may  be  calculated  approxi¬ 
mately  by  means  of  geometric  optics  laws  (the  reflection  equations, 
see, for  example  [1-3]) ,  from  the  principles  of  Huygens-Fresnel  and 
from  the  equations  of  KIrchhoff  and  Cotier  [3-6]. 

The  most  common  method  of  calculation  in  the  quasi-optic  case 
is  the  principle  of  Huygens-Fresnel  in  the  formulation  of  KIrchhoff 
and  Cotier  —  the  so-called  physical  optics  approach.  The  essence 
of  this  method  may  be  summarised  as  follows. 
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Let  a  plane*  electromagnetic  wave  fall  on  some  ideally  conducting 
body  which  Is  found  in  free  space.  In  the  physical  optics  approach, 
the  surface  current  density  which  is  induced  by  this  wave  on  the 
irradiated  part  of  the  body's  surface  is  (in  the  absolute  system  of 
units)  equal  to 

j^-fnl'ol.  (A) 

where  c  is  the  speed  of  light  in  a  vacuum,  n  is  the  external  normal 
to  the  body's  surface,  Hq  is  the  magnetic  field  of  the  incident  wave. 
On  the  darkened  side  of  the  body  the  surface  current  is  assumed  to  be 
equal  to  zero  (J^  ■  0).  Equation  (A)  means  that  on  each  element  of 
the  body's  irradiated  surface  the  same  current  is  excited  as  on  an 
ideally  conducting  surface  of  infinite  dimensions  tangent  to  this 
element.  The  scattered  field  created  by  the  current  (A)  is  then 
found  by  means*  of  Maxwell's  equations. 


It  is  obvious  that  in  reality  the  current  induced  on  the  body's 
surface  will  differ  (as  a  consequence  of  the  curve  of  the  surface) 
from  the  current  j®.  The  precise  expression  for  the  surface  current 
density  has  the  form 


i-J’+J*. 


(B) 


where  is  the  surface  density  of  the  additional  current  which 
results  from  the  curve  of  the  surface.  By  the  curve  of  the  surface, 
we  mean  any  of  its  deviations  from  an  Infinite  plane  (a  smooth  curve, 
a  sharp  bend,  a  bulge,  a  hole,  etc.).  If  the  bo  's  convex  and 
smooth  and  its  dimensions  and  radii  of  curvature  are  large  in  compari¬ 
son  with  the  wavelength,  then  the  additional  current  is  concentrated 
mainly  in  the  vicinity  of  the  boundary  between  the  illuminated  and 
shadowed  parts  of  the  body's  surface.  But  if  the  body  has  an  edge, 
bend,  or  point,  then  the  additional  current  also  arises  near  them. 

The  additional  current  density  is  comparable  to  the  density  J°,  as  a 
rule,  only  at  distances  of  the  order  of  a  wavelength  from  the  corre¬ 
sponding  edge,  bend,  or  point.  Thus,  if  the  body's  dimensions 


ix 
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significantly  exceed  the  wavelength,  the  additional  currents  occupy 
a  comparatively  small  part  of  its  surface. 

Since  the  current  excited  by  the  plane  wave  on  an  ideally  con¬ 
ducting  surface  Is  distributed  uniformly  over  it  (the  absolute  magni¬ 
tude  of  its  surface  density  is  constant)  then  the  vector  may  be 
called  the  "uniform"  part  of  the  surface  current.  The  additional 
current  which  is  caused  by  the  curve  of  the  body's  surface  we  will 
henceforth  call  the  "nonuniform"  part  of  the  current.  In  the  physical 
optics  approach,  only  the  uniform  part  of  the  current  is  considered. 
Therefore,  it  is  no  wonder  that  in  a  number  of  cases  it  gives  unsatis¬ 
factory  results.  For  a  more  precise  calculation,  it  is  necessary  to 
also  take  into  account  the  nonuniform  part  of  the  current. 

In  this  book,  the  results  of  the  author  relating  to  the  approxi¬ 
mation  solution  of  diffraction  problems  are  discussed  and  systematized. 
Essentially,  these  results  were  briefly  discussed  In  a  number  of 
papers  [7-1*1].  Roughly  at  the  same  time,  the  works  of  other  authors 
devoted  to  similar  problems  appeared.  We  will  discuss  them  in  more 
detail  (in  §25)  after  the  reader  becomes  accustomed  to  the  concepts 
being  used  In  diffraction  problems  of  this  type.  For  the  present,  let 
us  only  note  that  in  these  works,  as  a  rule,  other  methods  are  used. 

In  the  book,  problems  of  the  diffraction  of  plane  electromagnetic 
waves  by  complex  metal  bodies,  the  surfaces  of  which  have  discontinui¬ 
ties  (edges),  are  Investigated.  The  dimensions  cf  the  bodies  are 
assumed  to  be  large  in  comparison  with  the  wavelength,  and  their 
surface  is  assumed  to  be  ideally  conducting. 

Obviously,  if  the  edges  are  sufficiently  far  from  one  another, 
then  the  current  flowing  on  a  small  element  of  the  body's  surface  in 
the  vicinity  of  its  discontinuity  may  be  approximately  considered  to 
be  the  same  as  on  a  corresponding  infinite  dihedral  angle  (a  wedge). 

In  fact.  In  Chapter  I  It  is  shown  (see  also  [5]  §20)  that  the  nonuni¬ 
form  part  of  the  current  on  a  wedge  has  the  character  of  an  edge 
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wave'  which  rapidly  decreases  with  the  distance  from  the  edge. 
Therefore,  one  may  consider  that  the  nonuniform  part  of  the  current 
is  concentrated  mainly  in  the  vicinity  of  the  discontinuity.  By  means 
of  this  physically  obvious  assumption,  the  field  scattered  by  a  strip 
(Chapter  I),  by  a  disk  (Chapter  II),  by  a  finite  length  cylinder 
(Chapter  III)  and  by  certain  other  bodies  of  rotation  (Chapter  IV) 
is  calculated. 

For  a  more  precise  calculation,  however,  it  is  necessary  to  keep 
in  mind  that  the  actual  current  distribution  in  the  vicinity  of  the 
body's  edges  differs  from  the  current  distribution  near  the  edge  of 
the  wedge.  Actually,  the  edge  wave  corresponding  to  the  nonuniform 
part  of  the  current,  propagated  along  the  body’s  surface,  reaches  the 
adjacent  edge  and  undergoes  diffraction  by  it,  exciting  secondary  edge 
waves.  The  latter  in  turn  produce  new  edge  waves,  etc.  If  all  the 
dimensions  of  the  body  are  large  in  comparison  with  the  wavelength, 
then  as  a  rule  it  is  sufficient  to  consider  only  the  secondary  dif¬ 
fraction.  This  phenomenon  is  studied  in  Chapter  V  using  the  example 
of  a  strip  and  disk. 

In  the  case  of  a  narrow  cylindrical  conductor  of  finite  length, 
the  edge  waves  of  the  current  decrease  very  slowly  with  the  distance 
from  each  end.  Therefore,  here  it  is  impossible  to  limit  oneself  to 
a  consideration  only  of  secondary  diffraction,  and  it  Is  necessary  to 
investigate  the  multiple  diffraction  of  edge  waves.  Chapter  VII  Is 
devoted  to  this  problem. 

The  uniform  and  nonuniform  parts  of  the  current  are  more  than 
auxiliary  concepts  which  are  useful  in  solving  diffraction  problems. 
In  Chapter  VI  it  is  shown  that  one  is  able  experimentally  to  separate 
from  the  total  fringing  field  that  part  of  it  which  Is  created  by 
the  nonuniform  part  of  the  current.  There,  it  is  also  shown  that  the 
depolarisation  phenomenon  of  the  reflected  signal  is  caused  only  by 
the  nonuniform  part  of  the  current. 
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Let  us  note  the  following  feature  of  the  method  discussed  in  the 
book.  A  physical  representation  of  the  nonunlform  part  of  the  current 
is  widely  used  in  the  book,  but  nowhere  are  its  explicit  mathematical 
expressions  cited.  This  part  of  the  current  is  generally  not  expressed 
in  terms  of  well-known  functions.  Obviously  a  direct  integration  of 
the  currents  when  calculating  the  fringing  field  is  able  to  lead  only 
to  very  complicated  and  immense  equations.  Therefore,  we  will  find 
the  fringing  field  created  by  the  nonuniform  part  of  the  current  on 
the  basis  of  indirect  considerations  without  direct  integration  of 
it  (see  especially  Chapters  I  -  IV). 

The  method  by  which  the  diffraction  problems  are  solved  in  this 
bock  may  be  briefly  summarized  as  follows.  We  will  seek  an  approxi¬ 
mate  solution  of  the  diffraction  problem  for  a  certain  body  by  first 
having  studied  diffraction  by  its  separate  geometric  elements.  For 
example,  for  a  finite  cylinder  such  elements  are:  the  lateral  surface 
as  part  of  an  infinite  cylindrical  surface,  each  base  as  part  of  a 
plane,  each  section  of  the  base  rim  as  the  edge  of  a  wedge  (the  curva¬ 
ture  of  the  rim  in  the  first  approximation  may  be  neglectedl.  Having 
studied  the  diffraction  by  the  separate  elements  of  the  body,  we  will 
obtain  a  representation  of  the  nonuniform  part  of  the  current  and  of 
the  field  which  is  radiated  by  it.  Then  secondary,  tertiary,  etc. 
diffraction  is  stuuied  —  that  is,  the  diffraction  interaction  of  the 
various  elements  of  the  body  is  taken  into  account. 

This  method  appeals  to  physical  considerations,  not  only  when 
formulating  the  problem  but  also  in  its  solution  process,  and  in  this 
way  differs  from  the  methods  of  the  mathematical  theory  of  diffraction. 
Therefore,  such  a  method  may  be  referred  to  as  the  physical  theory 
of  diffraction. 

A  whole  series  of  other  diffraction  studies  which  appeared  in 
the  last  five  to  ten  years  also  are  able  to  relate  to  the  physical 
theory  of  diffraction.  The  first  work  which  contained  the  Idea  of 
the  physical  theory  of  diffraction  is  evidently  the  paper  of 
Schwarzschild  [15]  which  was  published  at  the  beginning  of  this 
century  and  was  devoted  to  diffraction  by  a  slit. 

xi  i 
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One  should  note  that  approximate  solutions  of  diffraction 
problems  would  be  impossible  without  the  use  of  the  results  obtained 
in  the  mathematical  theory  of  diffraction.  In  particular,  the 
rigorous  solution  to  the  problem  of  diffraction  by  a  wedge  which  is 
attributed  to  Sommerfeld  [16]  is  widely  used  in  this  book.  In 
Chapter  I  this  solution  is  obtained  by  another  method.  The  works  of 
Pok  [17,  18]  served  as  the  starting  point  for  numerous  studies  on 
diffraction  by  smooth  convex  bodies.  The  rigorous  solution  of  the 
problem  of  diffraction  at  the  open  end  of  a  wave  guide  [19]  revealed 
the  mechanism  for  the  formation  of  primary  diffraction  waves,  and 
their  shadowing  by  the  opposite  end  of  the  wave  guide.  The  rigorous 
theory  as  applied  to  a  strip  and  disk  allows  us  to  examine  the 
precision  of  the  approximation  theory  (see  Chapter  V). 
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CHAPTER  I 


DIFFRACTION  BY  A  WEDGE 


As  was  already  said  in  the  Introduction,  the  field  scattered  by 
a  body  may  be  investigated  in  the  form  of  the  sum  of  the  fields  being 
radiated  by  the  uniform  and  nonuni  form  parts  of  the  surface  current. 
The  uniform  part  of  the  current  is  completely  determined  by  the  geo¬ 
metry  of  the  body  and  the  magnetic  field  of  the  incident  wave.  The 
nonuniform  part  generally  is  unknown.  However,  one  may  approximately 
assume  that  in  the  vicinity  of  the  discontinuity  of  a  convex  surface 
ic  will  be  the  same  as  on  a  corresponding  wedge.  Therefore,  it  is 
necessary  for  us  to  begin  by  studying  the  diffraction  of  a  plane  elec¬ 
tromagnetic  wave  by  a  wedge.  This  chapter  will  be  devoted  to  this 
problem.  First  we  will  investigate  the  rigorous  solution  of  this 
problem  (5  1  and  2).  Then  we  will  find  its  solution  In  the  physical 
optics  approach  (5  3).  The  difference  of  these  solutions  determines 
the  field  created  by  the  nonuniform  part  of  the  current  (§  4). 

§  1 .  The  Rigorous  Solution 

The  rigorous  solution  to  the  problem  of  diffraction  of  a  plane 
wave  by  a  wedge  was  first  obtained  by  Sommerfeld  by  the  method  of 
branching  wave  functions  [16].  Later,  the  diffraction  of  cylindrical 
and  spherical  waves  by  a  wedge  also  was  studied.  A  rather  extensive 
bibliography  on  these  problems  may  be  found,  for  example,  in  the 
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paper  of  Oberhettinger  [20].  Since  the  problem  of  diffraction  by  a 
wedge  lies  at  the  base  of  our  studies,  we  considered  it  advisable  not 
only  to  present  the  results  of  its  rigorous  solution,  but  also  to  give 
them  a  new  more  graphic  derivation.  The  idea  for  this  derivation 
follows  directly  from  the  work  of  Sommerfeld.  Sommerfeld  found  the 
solution  to  the  problem  in  the  form  of  a  contour  integral,  and  then 
he  transformed  it  to  a  series.  However,  one  may  proceed  in  the  oppo¬ 
site  direction:  first  find  the  solution  in  the  form  of  a  series  and 
then  give  its  integral  representation.  Such  a  path  seems  to  us  more 
graphic,  and  is  discussed  in  this  section.  The  necessity  for  a 
detailed  derivation  is  caused  by  the  fact  that  the  results  of  Sommer¬ 
feld  [ 1 6 ]  are  not  represented  in  a  sufficiently  clear  form,  which 
hinders  their  use. 

Let  us  assume  there  is  in  free  space  (a  vacuum)  an  ideally  con¬ 
ducting  wedge  and  a  cylindrical  wave  source  Q  parallel  to  its  edge 
(Figure  1).  Let  us  introduce  the  cylindrical  coordinate  system  r,  <j>, 
z  in  such  a  way  that  the  z  axis  coincides  with  the  wedge  edge,  and 
the  angle  <p  is  measured  from  the  irradiated  surface.  The  external 
wedge  angle  will  be  designated  by  the  letter  a,  so  that  (Kf'tn  .  The 
coordinates  of  the  source  Q  we  will  designate  by  r0,  0^. 

Let  us  investigate  two  particular  cases  for  the  excitation  of  an 
electromagnetic  field.  In  the  first  case,  it  is  excited  by  a  "fila¬ 
ment  of  electric  current" 


j'~  —  inpfi{r~  r,„  <p  —  ft),  (1.01) 

in  the  second  case,  it  is  excited  by  a  "filament  of  magnetic  current" 

C=  — <r  —  —  ?«)•  ( 1  •  o  ? ) 

The  quantities  p  and  m  here  designate,  respectively,  the  electric 
and  magnetic  moments  of  the  filament  per  unit  length  along  the  z  axis, 
w  is  the  cyclic  frequency  (m~c* —*-£•)•  9  ~~  ?o)  =-  5  (r  -  r0)  j  [r  (<p  —  ?,,)] 

is  a  two-dimensional  delta  function  which  satisfies  the  condition 
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Figure  1.  The  excitation  of  a  wedge- 
shaped  region  by  a  linear  source. 

Q  -  source;  P  -  the  observation  point; 

L  -  the  Integration  contour  in  Equation  (1.10). 


$  $  3('  —  ra.  <f  —  ?0)  rUrd?  —  1 


with  integration  over  the  neighborhood  of  the  point  rQ, 

Here  and  henceforth,  we  will  use  the  absolute  system  of  units 
{the  Gauss  system),  and  we  will  assume  the  dependence  on  time  is  in 
the  form  e-1"*  . 

In  the  first  case,  the  "electric"  vector  potential  satisfies 
the  equation  (see,  for  example,  [4]) 


tA'+k'A*'— 


and  the  boundary  condition 

A*=0  with  9  —  0  and  9=1*. 


(1.03) 


(1.0*1) 
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In  the  second  case,  the  "magnetic"  vector  potential  A™  satisfies  the 
equat ion 

(1.05) 

and  the  boundary  condition 

-^--0  with  ?  — 0  and  ?  — a.  (1.06) 

It  is  natural  to  seek  the  solution  of  the  nonhomogeneous 
Equations  (1.03)  and  (1.05)  in  the  form 


The  products 


f  V a,J,  (kr) //*'* (kra) sinj», ft  sin withr<r„ 

»• *”  ' 

*  CD 

V  <i.y  (kr3)  H1"  (kr)±'\n  v.ft  sin  *,?  with  /■>>»: 
Hi 

Vi,/  (lir)H'l’ (fcr,)  cos  v.ft cos with  r< r0, 

A* _  M 

^.•“1  a. 

j  V  **7^  (4?r0)  (*r)  cos  cos  v4<p  w  i  t  h  r  >V 

(  7Zo  * 


J,  ^  (fc/-)cosv,f 

and 

/f'w'}(kr)sin*,?  H[l}[kr)cosv,< p 


(1.07) 


(1.08) 


(1.0Q) 


are  the  partial  solutions  of  Equations  (1.03)  and  (1.05)  without;  the 
right-hand  member  which  satisfy  the  boundary  conditions  (1.04)  and 
(1.06).  The  remaining  factors  entering  into  Equations  (1.07)  and  ( 1 . 0 S ) 
ensure  the  observance  of  the  reciprocity  principle  and  the  continuity 
of  the  field  on  the  arc  r  =  r^.  The  Bessel  function  J  (kr)  enters 

these  equations  when  r  <  r^ ,  because  it  remains  finit  e  when  r  -»  0, 
and  the  Hankel  function  //*** (*r)  is  taken  when  r  >  r^  in  order  that  the 

solution  satisfies  the  radiation  condition. 


The  coefficients  a,  and  b  may  be  determined  by  means  of  Green’s 

o 

theorem 


-  =  1  budS,  dS~ -  rdrdf 


(1.10) 


for  the  contour  L  in  the  plane  z  -  const  which  Is  shown  In  Figure  1. 

Here,  the  external  normal  to  the  contour  L  Is  designated  by  the  letter 

n.  Applying  Equation  (1.10)  to  the  functions  A®  and  Am  and  performing 

z 

Tq  in  it,  we  obtain 


transit 

ions 

ri 

■*  rp  and 

r2 

| 

1  N  . 

.  4rk 

.k~- 

1  '.-H 

or 

1 

> 

c ^ 

-5 

ii 

:  < - 

pi 

0A? 

1  )^?= 

,  4  n* 

JU£I 

r,+ 9 

~r 

m. 

Since  here  the  integration  limits  are  arbitrary,  it  follows  from  the 
equality  of  the  Integra] s  that  the  integrands  are  equal: 


*"  !r.+0 

*  k*o 


nr 

«M?| 

or 


ft). 

r.-a  '• 


(1.11) 

(1.12) 


Now  let  us  substitute  Expressions  (1.07)  into  Equality  (1.11)  and 
multiply  both  members  of  the  latter  by  sin»,?  .  Then  integrating  the 
resulting  equality  over  $  in  the  limits  from  0  to  o,  we  find 

a,=  -*~kpt.  (1.13) 


In  a  similar  way,  let  us  determine  the  coefficients 


(1.1*1 ) 


where 


(1.15) 
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Consequently,  tne  electric  current  filament  excites,  in  the  space 
outside  the  wedge,  the  field 


E,  =  ikA*  = 

m 

*  T  2]  \  (*') sin  sin  *.? 

I»l 

with  /•</•,, 

0» 

i  —  A.  (*'o)  A"’  (*')  sin  h?osin  »•» 


with  r>rtf 


£,  =  £=0.  H=-^,o,E. 


(1.16) 


and  the  magnetic  current  filament  excites,  outside  the  wedge,  the 
field 


H,  —  ikA”=* 

m 

i  ~  k'm,  ^  (hr)  cos*.?,  cosv.f 

l«0 

with  r<r0, 

0» 

i  ~  **/n,  ^  (*h>)  {kr)  cos  v.f,  cos  >.? 

!»• 

with  r>'* 

■  —  E=»— s-rotH. 


(1.17) 


Now  using  the  asymptotic  equation  for  the  Hankel  function  when 
oo  [21],  we  have 


«»>(»,,) = •  d.i3) 

Then  Expressions  (1.16)  and  (1.17)  in  the  region  r  <  rQ  take  the  form 


Et  ~  i  ~  k'ptH'"(kr9)X 

m  i  ■ 

*S‘  *  ikr)  sin  '•ft sin  M. 

lal 


(equation  continued  on  next  page) 
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X  «.e  5  V,t  (kr)  cos  ».?4  cos  v4? 


or 

£,  => i*h*ptH'"(kr9)  |«  {/■.  ?  —  9^-ufr.  ?*f  ?„)1.’ 
Ht— ir.k*mtff^(kr9) [u (r,  <f  —?i)+u(r.  ?-f  ?0)I, 

where 


u 


(hr)  cos  't.'Sf 


(1.19) 


(1.20) 


('j>  =>  9  tir  ft)  • 

Let  us  note,  furthermore,  that  In  free  space  the  field  of  the 

electric  filament  with  a  moment  p  is  determined  by  the  relationship 

z 

» 

E,=  hk*p,Hi^(krJii  (1.21) 

and  the  field  of  the  magnetic  filament  with  the  moment  m^  is  determined 
by  the  relationship 


H,  =  i*k,m,Ht'\kr9).  (1.22) 

Therefore,  the  expressions  in  front  of  the  square  brackets  in  Equations 
(1.19)  may  be  regarded  as  the  primary  field  of  the  filament  —  the 
cylindrical  wave  arriving  at  the  wedge  edge.  Now  removing  the  fila¬ 
ment  of  current  to  infinity  (rQ  -*•  »),  let  us  proceed  to  the  incident 
plane  waves 


Eg  —  Egt't 


-rtf  CM  (t-T.I 


[  Er  —  Zff=0 


(1.23) 


and 
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//« =  //0,  e-  co*  “  Hr  -  H--  0. 


(1.2ft) 


The  field  arising  with  the  diffraction  of  these  waves  by  the  wedge 
will  obviously  have  the  component 


£,  =  £9j  |u(r,  ?  —  ?;Ho)l 


(1.25) 


=  ?--?0 )  +  «(/•.  9  +  ?.)!• 


a. 26) 


Let  us  find  the  Integral  representation  for  the  function  u  (r. 
For  this  purpose,  let  us  use  the  equation  (see  [16],  p.  866) 


(1.27) 


where  the  limits  I  -  III  mean  that  the  integration  contour  goes  from 
region  I  to  region  III  (Figure  2).  The  cross-hatched  sections  in 
the  plane  of  the  complex  variable  8  (8')  shown  in  Figure  2  are  regions 
in  which  Im  cos  j3  >  0  (!m  cos  pi*  <  0)  ,  Therefore,  in  the  sections  of  the  con¬ 
tour  extending  to  infinity  the  integrand  strives  to  zero,  ensuring 
the  convergence  of  the  integral.  Substituting  Expression  (1.27)  into 
Equation  (1.20),  we  obtain 

u(r,  *)  — 

///  0®  0# 

=JL  f  ^  i  +  e‘*t  (?-«-*) j  ^ 

T  »=i  j- i 

After  summing  the  infinite  geometric  progressions  and  replacing  the 
variable  8  by  8 '  =  8  -  it,  the  function  u  (r,  ip )  acquires  the  form 


n(r,  $»)  = 


;  L  f  [ - 1 - « - ]«/?'. 
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Figure  2.  The  integration 
in  the  complex  plane  S. 


contours  Figure  3*  The  integration  contour 
in  Equation  (1.23). 


As 


a  result ,  we  obtain  the 


well-known  integral  of  Sommerfeld 


t  -  ikr  rot  $ 


1  — •  “ 


(1.28) 


The  integration  contour  C  is  shown  in  Figure  3  and  consists  of 
two  infinite  branches.  Since  the  integrand  expression  has  poles  at 
the  points  Pm  =  2o/n  —  f  (m  —  0,  :£  I,  rt  2, . . .)  ,  then  for  the  values  of  $  corre¬ 
sponding  to  the  space  outside  the  wedge  (0<¥<«)  the  function  u  (r, 
may  be  represented  (with  *<«<2ir,  )  in  the  following  way: 


I 


u(r,  $)  =  *(/■,  W  +  with— *<*?<*, 

"(A  W=J(A  W  with  *<’J><2a  — *, 

«(r,  $)  =  ; 7(r,  $)-f- 

with  2a  — •*<^<2a. 


(1.29) 


where 


e— Ikr  cot  | 

i  £•<>++> 
1  — e  * 
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9(r>  ♦)— 2«sin  v  r  i  * 

- co»~(*  +  Q 


'(1.30) 


The  Integration  contours  D  and  DQ  are  shown,  respectively,  in  Figures 
3  and  4. 


With  an  arbitrary  incidence  of  a  plane  wave  on  a  wedge,  one  of 
two  cases  may  occur:  (1)  the  plane  wave  "illuminates"  only  one  face  of 
the  wedge  (0<?o<a  —  *)  ,  and  (2)  the  plane  wave  "illuminates"  both 
faces  of  the  wedge  (»  — « <<?,<*)  .  Let  us  write  out  in  more  detail  the 
functions  u  (r,  )  corresponding  to  these  cases.  In  the  case  ?,)<»■—* 

(Figure  5),  we  have 

u(r,  ?  —  <?,)  —  } 

?—?»)+ e~,v tot <f  r*’  !  ^ 

.  .  ,  jw  it  h0<?  <*  — ?0, 

n(r.  9  +  9t>)  —  j 

u(r,  ?-?,)—  I 

=  »(/•,  ?  — ?0) +  «-'*' CO't(''_C‘’  ;w it h *— 
u(r,  ?-\-9i)=v{r,  *4-<Pj)  f 
«(r.  f -fc|  — ('.  ,-*>  J  *  +  *<*<.,  ' 

«('.  ?  +  ?o)=^o(r,  9  +  ?a)  /  (1.31) 


and  in  the  case  a  —  *<Z9a<Z*  (Figure  6)  we  have 


«(/’.?--?  „)=,  ) 

u(r.  9  +  9 o)=  j 


with  0 < <p < t  —  90, 


=  o{r,  ?  +  ?a)  +  e~‘*'"»«+u>  , 

«('.  ? --?„)=*  | 

/  v  i  ikr  rot  (c  — •.)  *  .  Wltn 

^-v(r,  +  e  j  ^■9„<9<2»—*—90, 

u(r,  ?-{- ?,)  =  »('.  ?~H?o)  / 

>r(r,9—9o)  = 

~v(r.  »-?,)  +  e” „  wl.u>  ^ 
a  (r,  <p  -| -<?,)  =  2x —  ■=  —  ?0<  9  *. 

=*<r.  9-hTo)  +  e-‘*'co,,^’-’-’•, 


(1.32) 
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The  direction  <J>  *  it  -  corresponds  to  the  ray  reflected  in  a  specular 
fashion  from  the  first  face  (we  will  consider  as  the  first  face  that 
face  from  which  the  angles  are  calculated),  and  the  direction 
=*2a  — «— f,  corresponds  to  the  ray  reflected  specularly  from  the  second 
face  (Figure  5  and  6).  The  functions  e-,*»“**  describe  plane  waves  of 
unit  amplitude:  e-i*  *«•<*-»•>  describes  the  incident  wave,  e~'*' 

describes  the  wave  reflected  from  the  first  face,  and  »-**'« — 
the  wave  reflected  from  the  second  face. 


Figure  4.  The  integration  contour 
in  Equation  (I.30). 


Figure  5*  Diffraction  of  a  plane 
wave  by  a  wedge.  The  plane 
wave  irradiates  only  one  face  of 
the  wedge.  is  the  angle  of 

incidence.  The  line  $  *  it  -  <4 

0 

is  the  boundary  of  the  reflected 
plane  wave,  and  the  line 
♦  *  it  +  $0  is  the  boundary  of 

the  shadow. 


Figure  6.  Diffraction  by  a  wedge. 
The  plane  wave  irradiates  both 
faces.  The  line  <p  =  2a  -  it  -  <J»Q 

is  the  boundary  of  the  plane  wave 
reflected  from  the  second  face 
(<f>  =  a). 


/ 

/ 
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S  2.  Asymptotic  Expressions 


The  Integral 


♦)  =  57  *,n  V 


I  -t  -  , 

)  cot  - — CM 


(2.01) 


In  Equations  (1.31)  and  (1.32)  generally  Is  not  expressed  in  terms  of 
well-known  functions.  However,  when  kr  >>  1  it  may  be  calculated 
approximately  by  the  method  of  steepest  descents  [21].  In  integral 
(2.01),  changing  for  this  purpose  to  a  new  integration  variable 

*  =  sin -j-,  s*=/(l  —  cost). 


we  obtain 


where 

(2.03) 

It  is  not  difficult  to  see  that  the  point  s  *  0  is  a  saddle  point : 
as  one  goes  further  from  it  along  the  imaginary  axis  (Re  s  *  0)  in 
the  plane  of  the  complex  variable  s,  the  function  e~*r’*  most  rapidly 
increases,  and  as  one  goes  along  the  real  axis  (Im  s  =  0)  it  decreases 
most  rapidly.  Therefore,  when  kr  >>  1  the  main  contribution  to  the 
integral  (2.02)  is  given  by  the  integrand  in  the  section  of  the 
contour  in  the  vicinity  of  the  saddle  point  (s  =  0). 

The  method  of  steepest  descents  is  carried  out  by  expanding  the 
integrand  (except  for  the  factor  e“*"’  )  into  a  Taylor  series  in  powers 
of  s.  This  series  is  then  integrated  term  by  term.  If  the  integrand 
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expansion  converges  only  on  part  of  the  integration  contour,  the  re¬ 
sultant  series  obtained  after  the  integration  will  be  semieonvergent 
(asymptotic).  Limiting  ourselves  to  the  first  term  in  it,  we  obtain: 


»(r 


«ii»  —  p 


t  .  * 

~n  I,n  ~n~ 


■  +  yi xkr 

tot  —  —  eoi  —  r  * 


(2.04) 


The  remaining  terms  of  the  asymptotic  series  have  a  value  on  the  order 
of  — ^  and  higher. 

Expression  (2.04)  is  valid  with  the  condition  (cat~z — cos-~)/Ar>l 
and  describes  that  part  of  the  diffraction  field  which  has  the  charac¬ 
ter  of  cylindrical  waves  diverging  from  the  wedge  edge.  With  the 
incidence  of  the  plane  wave  (1.23)  on  a  wedge,  the  electric  vector  of 
which  is  parallel  to  the  wedge  edge,  the  cylindrical  wave  is  determined 
in  accordance  with  (1.25)  and  (2.04)  by  the  equation 


•  [*  (r,  (r,  = 


Vi  ikr 


(2.05) 


where 


(2.06) 


When  the  wedge  is  excited  by  the  plane  wave  (1.24),  in  which  the  mag¬ 
netic  vector  is  parallel  to  the  wedge  edge,  the  cylindrical  wave  has 
the  form 


—  H„  •  [V  (r,  ?-?,)  +  0  (r.  ?  -{-  ?.))  =* 

=  H"S  75S~’ 


(2.07) 
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where 


,jdt( _ • 


f — ft  *  * 

eo*  —L  cos  — 

M  IS 


•-.Ttosl 


(2.08) 


In  the  vicinity  of  the  shadow  boundary  ($  ^  it  +  $g)  and  near  the 
directions  of  the  mirror-reflected  rays  (<t  =s*— f„  y-st  2a— *— ?•) 
Expressions  (2.04)  -  (2.08)  are  not  valid,  since  the  poles 

*i  =»  /2e  4  sin^p^,  i,=  /2e  4  sin^/t*  — 

of  the  integrand  in  (2.02)  are  close  to  s  *  0  and,  consequently,  its 
expansion  in  a  Taylor  series  loses  meaning.  Physically,  this  result 
means  that  in  the  indicated  region  the  diffraction  wave  does  not  re¬ 
duce  to  plane  and  cylindrical  waves,  but  has  a  more  complicated  char¬ 
acter.  An  asymptotic  representation  of  the  function  v  (r,  i|>)  in  this 
region  was  obtained  in  1938  by  Pauli  [22];  here  we  will  present  the 
derivation  of  the  first  term  of  the  asymptotic  series  obtained  in  [22]. 

Let  us  multiply  and  divide  the  integrand  expression  in  Equation 
(2.02)  by  the  quantity 


cos<|»-j-cosC  =  *(s*  —  /«*)  =  2 cos’ 


(2.09) 


and  let  us  expand  into  a  Taylor  series  in  powers  of  s  the  function 

cos  ♦  +  cos  c 

/  «  *+c\ 

(cos—  -COS—  JC0.T 


which  no  longer  has  a  pole  at  -the  saddle  point  (s  ■  0)  when  4>  *  <j>  + 
+  $0  *  it.  Limiting  ourselves  in  this  series  to  the  first  term,  we 


obtain 


cos— -cos  £  J*  5 


(2.10) 
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The  integral  here  may  be  represented  in  the  form 


Changing  the  order  of  integration  here,  we  find 


J  £7^  * = J "r  j  "r'dx  ” 

Vk'M 


(2.11) 


and  finally 


»(M0 


<»f  Cut  4 


X  J  «**. 

|<0* 


(2.12) 


The  next  term  of  the  asymptotic  expansion  for  the  function  v  (r,  <J0 
has  a  value,  whose  order  of  magnitude  depends  on  the  observation 
direction:  in  the  vicinity  of  the  border  of  the  plane  waves  (?~«±:?.) 
its  order  of  magnitude  is  ,  but  far  from  it  the  order  of  magnitude 

is  1/kr  in  comparison  with  the  term  written  in  (2.12). 


It  is  convenient  to  represent  Expression  (2.12)  in  the  following 

form: 


o(r.  40  = 


7_ 

n 


«  ♦ 
co*  ~m~~eot  ~n 


—Ikr  ca0+  * _ 

>'» 


X 


V  Mr  co*  1 

X  j  t'*dq. 


(2.13) 
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Here  the  absolute  value  of  the  lower  limit  of  the  Fresnel  integral 
always  equals  infinity,  and  its  sign  is  determined  by  the  sign  of 
cos  t|>/2.  Therefore,  when  passing  through  the  boundary  of  the  plane 
waves  (4»  »  $  +  *  it)  the  lower  limit  changes  sign  and  the  Fresnel 

integral  undergoes  a  finite  discontinuity,  ensuring  at  this  boundary 
the  continuity  of  the  function  u  (r,  i>)  and  consequently  of  the 
diffraction  field.  Actually,  by  means  of  the  well-known  equation 


(2.14) 


it  is  not  difficult  to  show  that 


*(,.*  +  <))  =  %-.  o (r, *  —  0)  - - '-2- 


and  consequently 


(2.15) 


(2.16) 

In  view  of  the  asymptotic  relationships 

f  e'%  —  \r ,  f  t*dq  =  -  ^  (with  p>  1) 

1  '  Jm  Vp  (2.17) 

Pauli's  Equation  (2.13)  is  transformed  with  •/ -kr Jcos to  the 
Expression  (2.04).  As  was  already  indicated  above,  it  determines  the 
cylindrical  waves  diverging  from  the  wedge  edge. 

By  means  of  Equation  (2.13),  one  may  also  calculate  the  field  in 
the  vicinity  of  the  direction  $  =  2a  -  ir  -  <J>0  — that  is,  near  the 
boundary  of  the  plane  wave  reflected  from  the  face  <{>  =  a;  for  this 
purpose,  it  is  sufficient  to  replace  ^  by  a  -  if  and  <f> Q  by  ct  —  0 • 

It  is  also  interesting  to  note  that  in  the  case  of  a  half-plane 
(n  *  2)  Equation  (2.13)  gives  the  expression 
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(2.18) 


o{r, 


— Iki  con#* 


—I  J-  V  jtrtmY 


Y  = 


which  completely  agrees  with  the  rigorous  solution.  Actually,  with 
a  *  2it,  when  the  wedge  Is  transformed  to  a  half-plane.  Integral  (1.30) 
equals 


»('.*)=*  - 


mlkr  co*  l 


CCV»- 


dC 


(2.19) 


and  It  may  be  reduced  to  a  Fresnel  integral.  For  this  purpose,  let 
us  divide  the  contour  DQ  into  two  parts  by  the  point  C  *  0.  Summing 
the  integrals  over  these  parts  of  the  contour,  we  find  that 


0 


Now  changing  to  a  new  Integration  variable  *=  /2e4  sin and  taking 
into  account  Equation  (2.09),  we  obtain 


v(r,  *)  = 


y  "2  4> 

VcosT' 


(— v) 


(2.20) 


The  integral  here  was  already  calculated  by  us.  Turning  to  Equation 
(2.11),  we  arrive  at  Expression  (2.18)  which  —  together  with  rela¬ 
tionships  (1.25),  (1.26)  and  (1.31)  — give  us  the  rigorous  solution 
to  the  problem  of  the  diffraction  of  plane  waves  by  an  ideally 
conducting  half-plane. 
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5  3.  The  Physical  Optics  Approach 

In  the  physical  optics  approach,  the  fringing  field  is  sought 
as  the  electro-magnetic  field  created  by  the  uniform  part  of  the  sur¬ 
face  current 

i*=2i"EnH.l-  (3.01) 

Let  us  recall  that  here  n  designates  the  external  normal  to  the  body's 
surface,  and  designates  the  magnetic  vector  of  the  incident  wave. 
First  let  us  investigate  the  case  0  *  —  *,  when  the  incident  plane 

wave  irradiates  only  one  face  of  the  wedge  (Figure  5). 

From  Equation  (3.01)  it  follows  that  the  density  of  the  uniform 
part  of  the  current  being  excited  on  the  irradiated  face  by  plane 
waves  (1.23)  and  (1.24)  has  the  following  components,  respectively 


\ 


sin?0e 


— /Jkjr  cose* 


(3.02) 


and 


^ss,HT//»«c_<b  ***’*• 


(3.03) 


For  the  purpose  of  calculating  the  field  radiated  by  this  current,  we 
will  use  the  following  integral  representation  of  the  Hankel  function 
(see  [16],  p.  866  ) 


/C(p)= 


a-ix 


--  J  e,f c<"  'dl 


-i+l  00 


(0  <•;  8  C  r). 


«h  t 


(It 


(3.04) 


Assuming  here  p  =  kd  and  changing  to  a  new  integration  variable 
5  *  d  sh  t,  we  obtain 
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//« ’  <w) 


i 

IX 


(3.05) 


or 


,» n=T-r 
>  ~d(.. 

\'‘K+  v 


It  Is  easy  to  show  by  means  of  Equations  (3.02),  (3.03)  and  (3.05) 
that  the  vector  potential 


A  ( x ,  y,  0) 


jn  ►  r  u— ir-K- 

*  .. ...  dC 


(3.06) 


has  the  components 


A,- 


--  F 
Tn  0 


sin  {«•/,,  /(X  =  ,A,,=^0, 


(3.07) 


if  the  wedge  is  excited  by  plane  wave  (1.23),  and 

^4,  =  A„=^,  =  0,  (3-08) 

if  the  wedge  is  excited  by  plane  wave  (1.24).  Here,  1^  designates 
the  integral 


/, 


Let  us  transform  it  by  using  the  relationship 


(3-09) 


<’(*/<*’ +**)  =  4  J  - - d* 

(o= lrao>0,  d>0),  (3.10)  - 

It  Is  not  difficult  to  establish  the  correctness  of  this  relationship 
by  verifying  that  It  changes  into  Expression  (3.04)  with  the  substi¬ 
tution  w  *  k  sin  t,  v  =  k  cos  t  and  k  j/c(,-|-z’=p  .  As  a  result 

I  ?  eMo 

7a  j  F(>  co*  f,  —  *)  ®’  (3.11) 
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where  the  integration  contour  passes  above  the  pole  w  *  k  cos 

Let  us  note  that  integral  (3.11)  is  a  function  of  |y|,  and  let 
us  change  to  polar  coordinates  according  to  tne  equations 


X  —  t  cos  1 

1^1  =  /-sin <P  with  ?<*.  J 
W=  — rsin^with  ?>*•  I 


Furthermore,  by  carrying  out  the  substitution 


w  —  —  k cos!  (o  =  *sinl). 


we  obtain 


/.= 


|  m  #i*f  CM  (t-Cl 

Jitk  I  coi  c0*  6 

r 

Titi  )  COS  cot  | 

> 


di  with9<«, 
di  withy>*. 


(3.12) 


(3.13) 


(3.14) 


The  integration  contour  F  is  shown  in  Figures  7a  and  7b.  In  Figure  7a 
the  cross-hatched  areas  indicate  the  sections  in  the  plane  of  the  com¬ 
plex  variable  5  in  which  Imcos(?  —  ?)>0  ;  in  Figure  7b,  the  cross-hatched 
areas  indicate  the  sections  where  Im cos (fc-f-  ?)>0  .  Now  let  us  deform  the 
contour  F  into  the  contour  (G^)  for  the  values  ?<*(?>*),  and  let 
us  change  to  a  new  integration  variable 


i  —  i  —  f  with«p<*,  | 
C-~i  —  (2k  —  9)with  ) 


As  a  result,  we  obtain  the  following  expressions: 


(  0  with  9>n  — 

]_  f  tlkn  0,crft _ I  \ 

ir.lt  J  COSf, +c7>S  +  •  —  r*rcos  (?+c,) 

Dt  I  k  tin  j, 

'  with  ?<*—?,. 


if  4>  <  tt  and 


* 

j 

I 


(3.15) 


(3.16) 
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Figure  7.  The  integration  contour  in 
Equations  (3.14). 


,±  f _ 

'  '**  iL  c,>5  ?•  + co*  (» —  v> 


0  with  ?<*  +  ?„ 

2  — i*r  cot  (9  —  rj 

A  sin  f( 

with  ?>*  +  ?•» 


(3.17) 


if  $  >  ir.  The  integration  contour  Dq  is  shown  in  Figure  4. 
By  means  of  Equation  (3.06)  and  the  equality 


£,  =  ikA, 


(3.18) 


let  us  find  the  field  which  is  radiated  by  the  uniform  part  of  the 
current  excited  on  the  face  $  =  0  by  the  plane  wave  (1.23) 


0*  (?.  ?,)  -  e~lkr  eot  wit h  0 <  f  <  «  -  f„ 

v+  (?,  ?,)  with*  — ?,<?<*. 

^ (?.  ft)  with  *<  ?<  *+  ft’ 

o~(f,  with 


(3. 19) 
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where 


ei*reo» 


cosy,  ;-eo *(« ±»)’ 


(3-20) 


It  is  not  difficult  to  see  that  with  «  —  *<?,<*  ,  when  both  faces  of 
the  wedge  are  illuminated,  the  field  excited  by  the  second  face 
($  *  a)  will  be  described  by  the  same  equations  if  one  replaces  <p  by 
a  -  $,  and  by  a  -  in  them. 


Adding  the  field  being  radiated  by  the  uniform  part  of  the 
current  with  the  incident  plane  wave  (1.23),  we  obtain  the  diffraction 
field  In  the  physical  optics  approach.  It  equals 


’  ^  ftrco»W-f«> _ e~/»r  cot  (»+.,> 

with  0«5?<«  —  9„ 
with  *  —  ?«<?<*  , 
with*<?*" 

»;*(?•*•)  with  *+?#<?<»» 


(3.21) 


if  one  face  of  the  wedge  (0<?t<*“ *)  is  illuminated,  and 


o*  (?.  ?.)  +  <r~  (a  —  f,  a — ?.)  + 

j  Mr  cot  (?  —  w  g—  Mr  *°*  (f  ♦ 

with  0<9<«— 

<  (?-  *•) + pr  (* — ?-  *  -  ?j + 

_j_e_ttr  cot  wlth 

0*  (?.  ?o)  +  0*  (*  “  ?>  *  ~  ?♦)  + 

co, wlth  a  —  *<?<*. 

v~  ('f ,  ?,)  +  »,+  (a  —  —  ?.)  + 

+  e-»rco.(,-«  wlth  *<9  <2*-*-?., 

(*•  ?•) + («—?.*—?.)+ 

I  —Mr  eo.  (»  —  c»>  Mr  cot  (2«  —  f  —  cj 

+  e  —  e 

with  2<t  — *  —  <?,<?<» 


(3.22) 
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if  both  faces  of  the  wedge  («—*<?,<*)  are  illuminated. 


Now  let  us  calculate  the  field  arising  during  diffraction  by  a 
wedge  of  a  plane  wave  (1.24).  The  field  scattered  by  the  first  face 
(<t>  *  0)  is  determined  by  the  relationship 

//,  =  -££. 

dg 

One  may  write  the  component  Hz  in  the  form 

=  (3.24) 


0. 


(3.23) 


or 


with  ?<*» 

*<=4 //„•/.  with  *>*. 


(3.25) 


The  quantity  I ^  introduced  here  is  the  integral 


/,= 


.1  r  jw 

n  J  *co*?,—  tr 


(3.26) 


along  the  infinite  contour  which  passes  above  the  pole  w  *  k  cos  <j>q. 
This  integral,  precisely  the  same  as  integral  1^ ,  is  transformed  to 
ah  integral  along  the  contour  DQ.  As  a  result,  we  obtain 


H,  _  ^ 

H,‘  V~  («?,  ?,) 

v~(?,  ?.)-e'  ,kr'°"- 


+  *’with0<if<«— -f,. 
with  « —?.<<?<«. 
with  *<f<tr+?„ 

~vwith  *+  ?,<?<*, 


(3-27) 


where 


vf  (?.  ?,)  =  — 


>in(t  ~  T)e/*r toft 
cos  *  +  cos  (t  ±  t)  V 


(3.2S) 
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In  the  case  when  both  faces  of  the  wedge  are  Illuminated,  the  field 
scattered  by  the  second  face  also  is  determined  by  Equations  (3.2 7) 
and  (3.28)  in  which  one  need  only  replace  $  by  a  -  <J>  and  <J>  by 

tft  —  ^  U 


Then  adding  the  field  radiated  by  the  nonuniform  part  of  the 
current  with  the  incident  wave  (1.24),  we  find  the  diffraction  field 
in  the  physical  optics  approach.  This  equals 


H.  __ 


o*  (<#,  f,)  4-  e~‘tr  co,(f~  **>4. 1~ {0’ ,T 
with  — 

v*(f. 

with  *  —  ?.<?<*. 

°7(f.  + 

with  *<?<*+?•» 
v%  (?•?»)  with  *  +  ?•<?<«» 


if  one  face  of  the  wedge  is  illuminated,  and 

'  °*  (?’  ?•)  +  (*  —  9.  a  —  <?,)  4. 

I  -{-  e~l>r  ***  'I  ~  e~'*r  *o»"(5  +  fW 

with  — f„ 

[  vj  (f>  (a  —  f,  «  —  ?,)+ 

+  e  with  »  —  ?.<?<a~w, 

.°J  f>)  +  o*  («-?.«  —  ?,)  4. 

_L  p-n,  cm  <t~fj 

>e  .  with  *  —  *<p<*, 

°3  <?•  7,)  +  °2  («-?.  «-?,)+■ 

_f.e-«reo,(?_ti,  wlth„<?<2a_]t_^ 

aj  (?'  7o)  -f  0*  (*  ~~  7.  «  —  ?,)  -{- 

4-  e~lkr  eo*  to  ~  f.)  j  g— /»r  C«J  p«  —  f  —  f j 

with  2a  — 


Wm 


(3.29) 


(3.30) 


if  both  of  its  faces  are  illuminated. 


The  integrals  V‘ ,  V',  generally  are  not  expressed  in  terms  of 
well-known  functions.  However,  by  us lng  the  method  of  steepest 
descents.  It  Is  not  difficult  to  obtain  their  asymptotic  expansion 
when  kr  >>  1.  Far  from  the  directions  $  *  n  +  and  $  =  2a  -  it  - 
the  first  term  of  the  asymptotic  expansion  gives  us  the  cylindrical 
wave  diverging  from  the  wedge  edge.  In  the  case  of  wedge  excitation 
by  a  plane  wave  (1.23),  these  cylindrical  waves  are  determined  by 
the  equation 


E,=*  —  Hf  =  E,rf9 
£f  =  //,  =  0, 


.•<«*)  ) 


}  2  Mr 


(3.3D 


and  with  the  excitation  of  the  wedge  by  a  plane  wave  (1.24)  they  are 
determined  by  the  equation 


tt-a.-jw.i_,- 

H,=e,= a. 


0.32) 


The  functions  f°  and  g^  have  the  form 


—  »<"  ». 

1  CO»f+CJSr,  ’ 

«•= — 


C0S#  +  CJSr,  * 


(3.33) 


if  one  face  of  the  wedge  (0 < < a  —  *)  ,  and 


. a. 

1  COS  y  +  COS  ’ 


si'll*  -- v.) 


c*»s(j—"t)+ Cos (*  —  >,»  V 

# _  _*ln? _  sin  (a  —  j) _ _ 

&  Vos  f  4-  cos  f,  cos  (a  —  ,  j  +  cost*  —  v,)  ’ 


(3. 34) 


if  both  of  its  faces  (a -a<(fo<.t)  .are  Illuminated.  The  index  "0"  for 
the  functions  f°  and  g°  means  that  the  cylindrical  waves  (3-31)  and 
(3.32)  are  radiated  by  the  uniform  part  of  the  surface  current  (J°). 


FTD-HC-23-2h‘)-71 


i  4 .  The  Field  Radiated  by  the  Nonuniform 
Part  of  the  Current 


In  §  1  and  3  we  represented  the  rigorous  and  approximate  expres¬ 
sions  for  the  diffraction  field  by  integrals  along  the  same  contour 
in  the  complex  variable  plane.  By  subtracting  the  approximate  expres¬ 
sion  from  the  rigorous  expression,  we  find  the  field  created  by  the 
nonuniform  part  of  the  current.  It  is  determined  by  integrals  of  the 
type 


(4.01) 


|  ■ 

which,  with  the  replacement  of  the  variable  C  by  s  =  /2t  rsin-j  ,  are 
transformed  to  the  form 


$  ?(«.?.? ..  a)  (ij.02) 

— m 

and  may  be  approximately  calculated  by  the  method  of  steepest 
descents. 

For  this  purpose,  let  us  expand  the  function  q(s)  into  a  Taylor 
series 


?(«.  f.  *)=?•  +  ?»’* +?.•**  +  •  • .  (4.03) 

Let  us  note  that  expansion  (4.03)  does  not  have  meaning  only  in  the 
particular  case 


? = *  ?,  with  ?,=0;  | 

9  =  2a—  s—  9,  with?,  =  a  —  *,  J  (4.04) 

when  the  observation  direction  (<J>)  coincides  with  the  direction  of 
propagation  of  the  Incident  wave  glancing  along  one  of  the  wedge  faces. 


FTD-HC-23-259-71 


26 


Substituting  series  (4.03)  into  Equation  (4.02)  and  then  perform¬ 
ing  a  term  by  term  Integration,  we  find  the  asymptotic  expansion  for 
the  field  radiated  by  the  nonuniform  part  of  the  current.  We  limit 
ourselves  to  the  first  term  of  the  asymptotic  expansion,  omitting 
terms  of  the  order  (&)"*'•  and  higher.  As  a  result,  the  required  field 
from  the  nonuniform  part  of  the  current  will  equal 


1  (*'♦-$) 


(4.05) 


with  wedge  excitation  by  plane  wave  (1.23),  and 


(4.06) 


with  wedge  excitation  by  plane  wave  (1.24). 


By  calculating,  with  the  help  of  Equations  (4.05)  and  (4.06), 
the  nonuniform  part  of  the  current,  it  is  not  difficult  to  see  that 
it  is  concentrated  mainly  in  the  vicinity  of  the  wedge  edge.  But  the 
field  created  in  the  region  kr  »  1  by  this  part  of  the  current  has 
the  form  of  cylindrical  waves,  the  angular  functions  of  which  are 
determined  by  the  relationships^^ 

r-f-P'  *’  =  *-*••  (4.07) 


where  in  accordance  with  §  1  and  3  we  have 


(1) 

Footnote  appears  on  page  42. 
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and 


«ln  ft 


f*  _ _ 

'  CO*  f  +  CO*  ft  ’ 

»•  = _ *i!Li - . 

•  eo*  f  •+•  eo*  It 


(4.09) 


if  one  face  of  the  wedge  is  illuminated  (that  is,  when  ~  ), 

and 


•In?. 


tin  (a  — 


eo*  f  co*  y, 
tin  t 


eo*  l*~Yt>  ’ 
tin  («  —  •> 


CO*  i  +  CO*  cp,  CO*  (a  —  f)  +  CO*  (*  —  • 


(4.10) 


if  both  faces  of  the  wedge  are  illuminated  (that  is,  when  a—  ), 

Let  us  recall  that  the  functions  f  and  g  describe  the  cylindrical 


waves  radiated  by  the  total  current  —  that  is,  the  sum  of  the  uniform 


and  nonuniform  parts,  and  the  functions  f°  and  g°  refer  to  the 


cylindrical  waves  radiated  only  by  the  uniform  part  of  the  current 

(J°). 


Let  us  note  certain  properties  of  the  functions  f1  and  g1.  The 
function  f1  *  f^a,  $,  $Q)  is  continuous,  whereas  the  function  g*  *  g1 
(a,  <p,  undergoes  a  finite  discontinuity  when  <t>Q  *  a  -  ir.  The 

reason  for  this  discontinuity  is  that  the  uniform  part  of  the  current 
differs  from  zero  on  the  face  along  which  plane  wave  (1.24)  is  propa¬ 
gated  (with  <fr0  *  a  -  it).  In  the  case  of  radar,  when  the  direction  to 
the  observation  point  coincides  with  the  direction  to  the  source 
($  *  $n),  both  functions  f1  and  g1  are  continuous.  There  is  no  dis- 
continuity  of  the  function  g  with  <|>*$0  =  ct-ir,  because  the  current 
element  does  not  radiate  in  the  longitudinal  direction. 

On  the  boundary  of  the  plane  waves  (that  is,  when  <p=*it±<ro  and 
<p=»2a— n— <fo  )  the  functions  f,  f^  and  g,  g°  become  infinite,  whereas 
the  functions  f1  and  g^  remain  finite.  In  accordance  with  Equations 
(4.07)  -  (4.10),  they  take  the  following  values 
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r 

*• 


■f— ft 


+Tc*2*»-Kc*«X- 


(4.11) 


If  4  *  ir  -  $0,  and  $Q  <  a  -  it , 


r- 


«*inT 


c°f7— co.  „ 


~ ,+7?**+5ct*7' 


sin  («  —  ft) 

cos  (»  —  *)  +  eos  (•  —  *)* 


I  .  » 

7*,n7 


cos  —  —  c°» 


^;+7rtgf.-ac(8(  7+ 


sln(«  — t) 


co»(a  —  y)+cos(«  —  ft) 


if  <p  *  it  -  and  a  -  ir  <  $n  <  tt,  and 


(4.12) 


r\  _ 


7*'" - 


«• 


co»  —  —  cos 


9  +  U  ~  j  CtgT*  2 y.ct*7» 


(4.13) 


if  ♦  ■  ir  +  ♦q,  and  <  a  -  it.  The  value  $  »  it  +  $Q  with  a  -  tt  <  <J>Q 
<  it  corresponds  to  the  angle  inside  the  wedge,  and  therefore  is  not 
of  interest.  In  the  direction  of  the  mirror-reflected  ray  4>  =  2a  -  it 
-  the  functions  f*  and  g^  are  determined  (with  a  -  n  <  4>Q  <  ir  ) 
by  the  following  equation: 


/*  = 


7*,B7 


*>N 


«  t  —  ft  COSf+COSf, 

cos  ~r  —  co*  — ■; — 

n  « 

+7ctg(*-<?.)+idg|. 

I 


7*,n7 


cos  —  —  COS 

n  n 


7=7+ 


shf 


COS  f +  c>sf, 

""  n 

I  _  .  I 


+  7  Ctg  (*-?,)- 5  dg-i 


(4.14) 
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The  functions  f1  and  g1  have  a  finite  value  everywhere,  except 
for  the  particular  values  $  and  enumerated  in  Equation  (4.04).  The 
graphs  of  the  functions  f  and  g  (Figures  8  -  13)  drawn  in  polar 
coordinates  give  a  visual  representation  of  the  effect  of  the  nonuni¬ 
form  part  of  the  current  which  is  concentrated  near  the  wedge  edge. 

In  particular,  they  show  that  this  effect  may  be  usbstantial  for  the 
fringing  field  not  only  in  the  shadow  region  (•‘*+To<«p<a,) ,  but  also  in 
the  region  of  light  (0<<p<n+qs«)  .  The  continuous  lines  in  the  figures 
correspond  to  the  functions  f^  (f^  <  0).  The  dashed  and  dash-dot  lines 
correspond  to  the  functions  g^  —  the  dash  lines  refer  to  the  case 
g1  <  0,  and  the  dash-dot  lines  refer  to  the  case  g1  >  0. 


Figure  8.  The  diagram  of  the 
field  from  the  nonuniform  part 
of  the  current  excited  by  a 
plane  wave  on  a  half-plane.  The 
function  fl  (or  g1)  corresponds 
to  the  case  when  the  electric 
(or  magnetic)  vector  of  the 
incident  wave  Is  parallel  to  the 
wedge  edge. 


Figure  9.  The  same  as  Figure  8 
for  the  case  <j>  *  (J>q. 


Let  us  turn  our  attention  to  the  next  Important  aspect.  As  is 
seen  from  S  1  and  3,  the  nonuniform  part  of  the  current  on  the  wedge 
is  described  by  a  contour  integral  which  Is  generally  not  expressed 
in  terms  of  well-known  functions.  But  in  order  to  calculate  the  field 
scattered  by  some  convex.  Ideally  conducting  surface  with  discontinui¬ 
ties.  (edges),  the  indicated  expression  still  must  be  integrated  over 
the  given  surface.  Obviously,  such  a  path  is  able  to  lead  only  to 
very  cumbersome  equations.  Therefore,  henceforth,  when  calculating 
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Figure  12.  The  same  as  Figure  10 
for  the  case  $  * 


Figure  13. 

g1  for  a  wedge  (<J» 


The  functions  f 
a 


and 

*  210°). 


the  field  scattered  by  composite  bodies,  we  will  not  integrate  the 
explicit  expressions  for  the  nonuniform  part  of  the  current,  but  we 
will  endeavour  to  express  these  integrals  directly  in  terms  of  the 
functions  f1  and  g1  which  have  been  found. 

S  5.  The  Oblique  Incidence  of  a  Plane  Wave  on  a  Wedge 

Above,  the  diffraction  was  studied  of  a  plane  wave  incident  on 
a  wedge  perpendicular  to  its  edge.  Now  let  us  investigate  the  case 
when  the  plane  wave 

E  =  E,e,*,'eo’•  +  ,'c"'  +  *co,T,  (5.01 

falls  on  the  wedge  at  an  oblique  angle  T  to  the  wedge  edge 

(Figure  14). 


From  the  geometry  of  the  problem,  it  follows  that  the  diffraction 
field  must  have  that  same  dependence  on  the  z  coordinate  as  the  field 
of  the  incident  wave,  that  is 
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(5.02) 


Figure  14.  Diffraction  by  a 
wedge  with  oblique  incidence  of 
a  plane  wave,  y  is  the  angle 
between  the  normal  to  the  incident 
wave  front  and  the  z  axis. 


E  =  E  V 

H=*H(jc,  y)ert,eoM.  / 

Using  Maxwell’s  equations 

rotH  =  —  ikE,  fotE  =  /AH,  (5.03) 

one  is  able  to  obtain  the  follow¬ 
ing  expressions  for  the  radial  and 
azimuthal  components  of  the  field: 


«>— rai(^+-r9). 

p _ 1  co«y  dB,  \ 

Ms in*Y  ^  or  r  J  * 

u  _ _  t  *  eos  y  dff.  \ 

♦  Msin*!^  dr  i"7“ 


(5.04) 


The  functions  E  and  H  in  turn  satisfy  the  wave  equations 
z  z 


(5.05) 


where 


A  =  eir +’^r  and  *,=  *sinT- 


(5.06) 


In  S  4  we  found  the  fields  (4.05)  and  (4.06)  which  satisfy  the 
equations 


A//,-M‘//,  =  0  (5.07) 

and  which  are  created  by  the  nonuniform  part  of  the  current  excited 
on  the  wedge  by  the  plane  wave 
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(5.08) 


£  _  £  «#»»,+ 


Representing  Expression  (5.01)  in  the  form 


£  _  *«•  J  -  <*»  U  «0»  f ,  +  f  ft) 


(5.09) 


and  comparing  Equations  (5.05)  and  (5-07),  we  easily  find  the  field 
created  by  the  nonuniforc.  part  of  the  current  with  the  irradiation  of 
the  wedge  by  plane  wave  (5.01).  For  this  purpose,  it  is  sufficient  to 
replace  in  Equations  (4.05)  and  (4.06)  k  by  k^,  and  EQz  and  HQz  by 
E.*'”"*'  and  H,#1** '“1  .  As  a  result,  we  obtain 


£,  =  -  H.  =  £„/*  (f,  ?,)  e— 

'(*'  +  r) 

//,  =  £.  =  //„«■  (?.  *.)  e'*m  T. 


(5.10) 


The  angle  introduced  here  is  determined  by  the  condition 


fO.«  +  t  co»  »  _  e— /*,  (i  tot  v,  +  »  tin  »J 


(5.11) 


hence 


tg?.= 


cot  I 
cot* 


(5.12) 


The  remaining  components  of  the  field  created  by  the  nonuniform 
part  of  the  current  with  the  oblique  incidence  of  a  plane  wave  are 
found  from  relationships  (5.04),  and  when  kr  >>  1  they  equal 


£r=s  — ctgy£,  //r  =  — ctgytf, 

"> - S!7*- 


(5.13) 


The  equiphase  surfaces  for  these  waves  have  the  form 


r  sin  f +  *  ms  Y  =  const 


(5.14) 
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and  are  conical  surfaces,  the  generatrices  of  which  form  the  angle 
ir/2  +  y  with  the  positive  direction  of  the  z  axis.  Thus,  with  oblique 
Irradiation  of  the  wedge  by  a  plane  wave,  the  field  created  by  the 
nonuniform  part  of  the  current  is  a  set  of  conical  waves  diverging 
from  the  wedge  edge.  The  normals  to  the  phase  surfaces  of  these  waves 
form  an  angle  y  with  the  positive  direction  of  the  z  axis  and  are 
shown  in  Figure  15.  These  waves  may  be  represented  in  a  more  graphic 
foinn  if  one  introduces  the  components  (see  Figure  15): 

Ex=*  Ercosy  —  E.slny,  1 

Hr  COSY  —  //,  sin  T*  I  (5.15) 

Then  the  final  expressions  for  the  fringing  field  in  the  far  zone  will 
have  the  form 


(5.16) 

Now  we  are  able  to  proceed  to  the  application  of  the  results 
which  have  been  obtained  for  the  solution  of  specific  diffraction 
problems.  The  simplest  of  them  is  the  problem  of  diffraction  by  an 
infinitely  long  strip  which  has  a  rigorous  solution  [ 23 1  in  the  form 
of  Mathieu  function  series.  However,  in  the  quasi-optical  region 
when  the  width  of  the  strip  is  large  in  comparison  with  the  wavelength, 
these  series  have  a  poor  convergence  and  are  not  suitable  for  numeri¬ 
cal  calculations.  Therefore,  the  requirement  arises  for  approximation 
equations  which  are  useful  in  the  quasi-optical  region.  The  derivation 
of  such  equations  for  a  field  scattered  by  a  striD  will  be  given  in 
the  following  section. 

9  6 .  Diffraction  by  a  Strip 

Let  us  investigate  diffraction  by  an  infinitely  thin,  ideally 
conducting  strip  which  has  a  width  of  2a  and  an  unlimited  length. 

The  orientation  of  the  strip  in  space  is  shown  in  Figure  16. 
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Figure  16.  Diffraction  of  a 

plane  wave  by  an  infinitely  long 
strip.  The  section  of  the  axis 
y  (-a  <  y  <  a)  shows  the  trans¬ 
verse  cross  section  of  the  strip 
with  the  plane  z  <*  0;  a  is  the 
angle  of  incidence. 


Let  a  plane,  electromagnetic  wave  strike  the  strip  perpendicular 
to  the  edges.  Let  the  direction  of  propagation  of  this  wave  form  an 
angle  a(l*|<y)  with  the  plane  y  »  0.  The  field  of  this  wave  is 

represented  in  the  form 

E  — Ete'*<,c<,*■  +  ,',,"',,,  H  =  H,e(* (* co* • +  » ,,n •>.  (6.01) 

The  uniform  part  of  the  current  excited  by  the  plane  wave  on  the 
strip  has  the  components 

n 

f : 

n 

Substituting  these  values  into  the  equation  for  the  vector  potential 

FTD-HC-23-259-71  36 


=  0, 

e  U  »ln  • 

_  C  p  «ln  • 

=  5j-c<>«cos*e 


(6.02) 


(6.03) 
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E,  »  -  H'  ~~ 

+/•<*>«■* . . 

C  _  H  ,  H  I „•! I IV «. 


■f  U*l‘-)e  rfuftj 


;(-••) 


y2  nkir  *  j 


(o.otn 


Here'  tin*  float  torma  oorroapoml  to  tho  wavo  a  fi*om  oil^o  l  (y  ■  a),  ami 
t  li«*  aoooml  forma  oorroapoml  to  t  ho  wavo;?  from  odgo  (y  ■  -a).  Tho 
funot Iona  i’1'  amt  &  *  aiv  ilotorml mat  In  tho  rltfht  half-piano 
t»y  t  ho  oijuat  Iona 


j*  (1)-  —  f*(‘2) 


'  '  ~  *l««~  no  f 

./•n  .  -  . 


k  *  '  «m«  — i.n* 


( C»  .!>*>■) 


Now  lot  ua  flint  tin*  ftoht  mill  a  toil  l*y  tho  nonmil  form  part  of  tho 
ourront.  AaaiimlnK  tho  atrip  la  anfflolont  ly  wldo  (ka  s,>  M,  ono  la 
ablo  to  approx  I  mat  oly  oonalilor  that  tho  ourront  no:ir  1 1  uppor  oib'o 
la  tho  aamo  aa  on  tho  tiloally  oomtuottnr:  half-piano  ,  amt 

noar  tho  lowor  o.l^o  It  la  tho  aamo  aa  on  tho  hal  f-p  lano  —  <1  •-//*-  <v  . 
Thoroforo,  In  aroonlanoo  with  S  H ,  t  ho  floM  from  tho  nontin!  form  part 
of  tho  ourront  flowing  on  tho  atrip  may  bo  roproaont  otl  In  tho  form  of 
tho  a  tun  of  tho  od^-o  oyllmlrloal  wavoa. 


E,  -s  ....  H f  „  £„  |/,(l)e,*“ *'"»>  + 

+  /,W«',to .  "n"\ y^-- 

£t  -  //.  ---  //,.  {£'  ( I)  *,u  "  + 

4*'(2)e  . . 


to. 101 


wlii'i'o  tho  funot  Iona  f*  amt  y:*  aro  ilot orttil nod  In  tho  rt.oht  half-plauo 


(l^l<  2 j  by  t  ho  o.juat  tona 
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r<n=/o)-/*< i).  /'(2)=/( 2>- 


7*  (2).  1 
■  «•(?)./ 


(6.11) 


in  connection  with  which 


■  sin  — j— 


im>  —  tiflf 


f(2)-~  -~ 


a  +  f  •  —  f 

c..t  -p  +  iln  — jj— 

sin  i  —  *.n  f 


coi  — j  f  tin  — j— 
tf(l)  tin  j  -  «lT f  ' 

-co, '-£*+. 

8  (2)  tint— ’  fin  f 


(6.12) 


The  functions  f°  and  g°  are  described  by  the  relationships  (6.01)). 

\ 

As  a  result,  the  fringing  field  (the  sum  of  the  fields  radiated 
by  the  uniform  and  nonuniform  parts  of  the  current)  will  equal 


E,  =  -  //,  =  E„  •  [/  ( 1)  e'*J  " ,h*  - 

+,we  JTw*r' 

£f  =  W,  -//„•[«( » )  e'*J  w"  *  «  H 

<(>'*>) 

_ . 

*  *  K  '  1  y2iir 


(6.1.0 


Consequently,  the  resulting  field  is  expressed  only  In  terms  id' 
the  functions  f  and  g  which  determine  the  cylindrical  wave  in  tin- 
rigorous  solution  (see  §  2).  The  field  is  the  superposition  of  two 
such  waves  which  diverge  from  t lie  edges  1  (y  *  a)  and  2  (y  *  -a). 

Substituting  into  Equations  (6.11)  the  explicit  Express  lens  (n.l.M 
for  the  functions  f  and  g,  we  obtain 
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cm  (*a(sln«  — slnfH 


co*- 


.«+J 


,  j  sin  [>a  (sin  j  —  sin  f))  1 1  ' 

+  .1-'-^  )W 

c  u  u  le0i  f*a  (*ln  •  —  tin  »)|  i 

r  515? 


+  i 


sln(ta(slai  —  »ln  y)| 


(6.14) 


These  equations  are  valid  when  r  >>  ka2  and  lfl<j.  Moreover,  it  is 
assumed  that  ka  >>  1,  since  only  under  this  condition  is  one  able  to 
consider  the  nonuniform  part  of  the  current  in  the  vicinity  of  the 
strip's  edge  to  be  approximately  the  same  as  on  the  corresponding 
half-plane.  In  the  case  of  normal  incidence  of  a  plane  wave  (a  *  0), 
Equations  (6.14)  change  into  expressions  corresponding  to  the  first 
approximation  of  Schwarzschild  [15]. 


Prom  relationships  (6.03)  and  (6.05),  it  follows  that  the  elec¬ 
tric  field  is  an  even  function,  and  the  magnetic  field  an  odd  function, 
of  the  x  coordinate  measured  perpendicular  to  the  plane  x  *  0  (in 
which  the  current  flows) 


E,(x)  =  E,(-x).  Ht(x)=-Ht(~x). 


(6.15) 


Therefore,  on  the  basis  of  Equations  (6.14)  and  (6.15)  one  is 
able  to  write  the  expressions  for  the  fringing  field  in  the  region 
x  <  0  (where  y<|?|<*) 


cos  [*a  (sin  a  — 

a  —  k 

tin— j — 


.  tin  f*a  (sin  «  —  sin  f)J 

«  +  r 
cot - 1 


V  likr 


cos  f ia  (sin  s  —  sin  y)| 


sin 


a  — •  sin  , 

«  — f  ”  ' 


(6.16) 


40 


FTD-HC-23-259-71 


(6.16) 


,  ,  »ln  |t<J_(*ln  i  —  sin  y)J 

’  «  +  • 

CO*  -  j-1 


}W- 


Here  one  must  select  the  upper  sign  in  front  of  the  braces  when 
♦  >  0,  and  one  must  select  the  lower  sign  when  $  <  0. 

The  resulting  Equations  ( 6 . 1 M )  and  (6.16),  in  contrast  to 
Equations  (6.07),  satisfy  the  reciprocity  principle.  It  is  not  diffi¬ 
cult  to  establish  this  by  verifying  that  Equation  (6.14)  is  not 
changed  with  the  simultaneous  replacement  of  a  by  $  and  of  Q  by  o, 
and  Equation  (6.16)  is  not  changed  with  the  replacement  of  a  by  ir  +  ♦ 
and  of  ♦  by  a  -  ir  (if  —*<?<  —  y  )  and  with  the  replacement  of  a  by 

ir  -  <p  and  of  ♦  by  it  -  a  (if  -j <?<*). 

However,  the  indicated  equations  lead  to  a  discontinuity  of  the 
magnetic  vector  tangential  component  H  on  the  plane  x  *  0.  This  is 
conned ed  with  the  fact  that,  by  considering  the  nonuniform  part  of 
the  current  in  the  vicinity  of  the  strip’s  edge  to  be  the  same  as  on 
the  corresponding  half-plane,  we  actually  assume  the  presence  of 
currents  on  the  entire  plane  containing  the  strip.  In  order  to  refine 
the  resulting  expressions,  it  Is  necessary  to  solve  the  problem  of 
secondary  diffraction  —  that  is,  diffraction  of  the  wave  travelling 
from  one  edge  of  the  strip  to  its  other  edge.  In  other  words,  it  ir. 
necessary  to  take  Into  account  the  diffraction  Interaction  of  the 
strip’s  edges.  As  we  see,  It  Is  also  necessary  to  take  Into  account 
the  secondary  diffraction  In  the  case  a<*iy  when  the  Hz  component 
of  the  fringing  field  must  equal  zero. 

In  Chapter  V,  we  will  return  to  the  problem  of  diffraction  by  a 
strip,  and  together  with  the  investigation  of  the  secondary  diffrac¬ 
tion,  we  will  present  the  results  of  the  numerical  calculation  based 
on  Equations  (6.07),  (6.14)  and  (6.16). 
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FOOTNOTE 


Footnote  (1)  on  page  27  The  designations  used  here  differ 

slightly  from  those  used  in  the 
papers  [7  -  11].  The  functions  f 
and  fl  there  were  designated  by 
f^  and  f,  respectively. 
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CHAPTER  II 


DIFFRACTION  BY  A  DISK 


The  problem  of  diffraction  by  a  disk  has  a  rigorous  solution 
[24-26];  however.  It  is  not  suitable  for  numerical  calculations  in 
the  quasi-optical  region  when  the  dimensions  of  the  disk  are  large 
in  comparison  with  the  wavelength.  The  physical  optics  approach 
used  in  such  cases  sometimes  gives  erroneous  results.  In  particular, 
the  fringing  field  calculated  in  this  approach  does  not  satisfy  the 
reciprocity  principle. 

In  this  Chapter  a  refinement  of  the  physical  optics  approach  is 
carried  out.  First  the  diffraction  of  a  plane  electromagnetic  wave 
by  a  disk  with  normal  Incidence  (I  7-9)  is  investigated,  and  then 
(S  10-12)  diffraction  by  a  disk  with  oblique  Incidence  of  a  plane 
electromagnetic  wave  is  investigated. 

Normal  Irradiation 
3  /.  The  Physical  Optics  Approach 

Let  an  ideally  conducting,  infinitely  thin  disk  of  radius  a 
(Figure  17)  be  irradiated  by  plane  wave 
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xe«\ 

EX~H 0. 


(7.01) 


The  uniform  part  of  the  current 
excited  on  the  disk  by  wave  (7.01) 
is  determined  by  Equation  (3.01) 
and  has  the  components 

(7.02) 


Figure  17.  Diffraction  by  a  Let  us  find  the  field  created  by 

?1?^WaVe  propa8ated  this  current . 
along  the  z  axis. 

p 

Since  the  diffraction  field  in  the  far  zone  (R  >>  ka  )  is  of 

interest  to  us,  the  vector  potential 

*  *■ 

AX 

(7.03) 


A(jf.  if.  z)=-Ljpdf  j  Up, 


may  be  simplified  by  using  the  relationship 


r  a*  /  R*  4-  p*  —  x.pR  COS  Q  *S  R  —  P  COS  Q, 


(7. Oil) 


where  a  is  the  angle  between  p  and  R,  and 


cosQ=ssin®  cos  ('J»  —  <p). 


(7.05) 


As  a  result,  we  obtain  the  simpler  equation 

a  2* 


A  (x.  y,  z)  =  4-^ljp^  f  J  (?,  •',)  e-“» eo* 8  d). 


Continuing  by  using  the  equations 


(7.06) 


H  =  rot  A,  rot  H  =  —  ik E, 


(7.07) 


it  is  easy  to  show  that  in  the  spherical  coordinate  system  the 

p 

fringing  field  components  with  R  >>  ka  equal 


ilil 


"--rrv  'ift'itanl 
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The  resulting  equations  show  that  in  the  region  R  ka*t  Aasinft  >  1 
the  fringing  field  may  be  investigated  as  the  sum  of  the  spherical 
waves  from  two  "luminous"  points  on  the  rim  of  the  disk,  the  polar 
angles  of  which  respectively  equal  ^  $  and  ij>  *  it  +  <p.  It  is  not 

difficult  to  see  that  these  waves  satisfy  the  Fermi  principle. 
Actually,  of  all  the  points  on  the  disk's  surface,  the  point  p  *  a, 
t|i  *  $  is  the  closest  to  the  observation  point  ?)  ,  and  the  point 
p*a,  i(<“ff  +  $is  the  furthest  from  it. 


However,  Equations  (7.13)  describe  the  radiation  not  only  from 
the  two  "luminous"  points,  but  they  determine  the  field  radiated  by 
the  entire  "luminous"  region  which  is  adjacent  to  the  line  connecting 
the  points  p  *  a,  1 1>  »  *  and  p  *  a,  ip  ■  ir  +  $. 


Let  us  show  that  the  luminous  region  actually  makes  the  main 
contribution  to  the  fringing  field.  For  this  purpose,  let  us  cal¬ 
culate  the  field  radiated  by  the  currents  which  flow  inside  the 
sector  encompassing  the  line  iji  *  $  (Figure  18).  Let  us  take  the 
angular  dimensions  of  the  sector  in  such  a  way  that  its  arc,  which 
equals  2a$0,  would  occupy  the  first  Fresnel  zone.  When  this  is  done, 
the  angle  will  satisfy  the  equation 


«(I  —  coi  Jin  9  —  -y . 


(7.1*) 


In  the  case  being  investiga¬ 
ted  by  us,  when  the  condition  ka 
sin  is  fulfilled,  we  have 
from  Equation  (7.1*0 


CO*  <Pt—  i  — 


\ 

tosind  58  1 


1 
2  * 


(7.15) 


hence 

Figure  18.  Calculation  of  the 
field  radiated  by  the  "luminous"  r — - — 

region  of  the  disk.  ♦•=»)/  katmf ‘ 
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The  vector  potential  of  the  currents  flowing  in  the  .Indicated 
sector  Is  determined  by  the  equation 


A  H~  -r 


(7.17) 


Taking  into  account  the  condition  ka  sin»»»,  one  may  show  that  the 
field  created  by  the  currents  of  this  sector  will  equal 


^  *la»e<**  — liattn  •  -hJ. 

cos  »  t1**  — (*«  >1"  *-H  !- 

X^-TT* 


(7.18) 


The  amplitude  of  the  expressions  which  have  been  found  i3  approximate¬ 
ly  times  larger  than  the  amplitude  of  the  first  terms  in  Equation 
(7.13).  Moreover,  expressions  (7.18)  and  the  corresponding  terms 
in  Equation  (7.13)  differ  slightly  in  their  phases:  the  first  have 

i*  li¬ 

the  factor  «r  ,  and  the  latter  —  the  factor  _«  4  .  The  result  obtained 

is  similar  to  the  well-known  thesis  in  optics  that  the  effect  of  a 

wave  is  equal  to  the  effect  of  half  of  the  first  Fresnel  zone  (see, 

for  example  [27],  p.  132). 

In  the  vicinity  of  the  directions  0*“0  and  0*=it  ,  when  the 
azimuthal  components  lose  their  meaning,  for  the  purpose  of  studying 
the  fringing  field  It  is  more  convenient  to  use  the  Cartesian 
components 

£,  =  (£,  cos » -f-  Er  sin0) cos  ?  —  £fsin?,l 

£„  =  (£■,  cos  »  +  £,  sin  0)  sin  ?-!-£,  cos?.  I  (7.1‘1) 

Turning  to  Equations  (7.11)*  we  find  that  when&^Oand  d  =  * 


£,=o; 


£,  —  —iH  ux 


to* 

2  '  H 


(7.20) 
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Consequently,  in  the  physical  optics  approach  the  field  scattered 
In  the  directions  0  =  0  and  ®  preserves  the  polarizaticn  of  the 
incident  wave. 


S  8 .  The  Field  From  the  Uniform 
Part  of  the  Current 


Let  us  proceed  to  calculation  of  the  field  created  by  the  non- 
uniform  part  of  the  current  with  normal  irradiation  of  the  disk. 
Since  the  latter  is  concentrated  mainly  in  the  vicinity  of  the  disk* 
edge  (p  “  a),  the  vector  potential  corresponding  to  it  will  equal, 
in  accordance  with  Equation  (7.06), 

ft  9m 


A 


J'(P.  <j>)  e-“*  **"  *  *“  dty. 


(8.01) 


s 


The  inner  integral  is  calculated  with  ka  sin#>l  based  on  the 
stationary  phase  method  (see,  for  example  [21],  p.  256),  and  Equation 
(8.01)  is  transformed  to  the  form 


:|p'(i>.  w«~“ . 


(8.02) 


which  allows  one  to  interpret  the  fringing  field  as  the  field  from 
a  luminous  line  on  the  disk.  This  line  is  a  diameter,  the  polar 
angle  i|<  of  the  points  on  which  equals 


'j'i  — ?  and  <!»,  =  *  +  ?• 


(8.03) 


Assuming  the  diameter  of  the  disk  is  sufficiently  large  in  com¬ 
parison  with  the  wavelength  (ka  >>  1),  one  may  approximately  assume 
that  the  nonuniform  part  of  the  current  near  the  disk's  edge  will  be 
the  same  as  on  the  corresponding  half-plane  (Figure  19).  On  the  basis 
of  §  4,  the  field  from  the  nonuniform  part  of  the  current  flowing 
on  the  half-plane  —o©<y, <a  may  be  represented  in  the  form 
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<(«♦!-)  j 

//,.(!)— ^(1)cos»=» 


Y2ntR 


(8.04) 


and  similarly  the  field  from  the  current  flowing  on  the  half-plane 

-a<yt<o o. 

may  be  represented  in  the  form 


«(«♦£) 

^.(2)  =  ikAtt  (2)  =  £.„■/•  (2)  *-vm- . 

‘("♦r) 

(2) = -  IM*  (2)  co*  5=  •«*  (2)  -5^^-  *  . 


(8.05) 


Here 


A»-±y*:W  J 


(8.06) 


and  the  functions  f1  and  g1  are  determined  for  the  right  half-space 


by  the  equations 

•  » 

cot— j-  4-  sla  -j- 

f*  (2)=*/ (2)  — jjjy  .  / (2)  =  - 


cot  “2". — tin  -y 


slat 


(8.07) 


.  eot-a — tfa-a- 

fJD-KD+Sr.KD- - 

»  • 

cot-y  4  lla  -y- 

«(2) - gj, —  . 


(8.08) 


Prom  relationships  (8.04)  -  (6.06),  it  follows  that 
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Figure  19.  Diffraction  by  a  disk. 
The  half-plane  L  lies  in  the 
plane  of  the  disk.  The  edge  of 
the  half-plane  is  tangent  to  the 
circumference  of  the  disk  at  the 
point  y1  *  a,  x1  *  0  (a  is  the 

radius  of  the  disk). 


_ _ J*  p  .  ti  /o\  -  <*«  *1"  * 

and 

“srarr"-..-*'*1)' 

}  4,  (l)ew 

-SKSF  *•**■«•* . 


(8.09) 


*1- 
ika  tin  • 


(8.10) 


In  accordance  with  the  assumption  of  equal  currents  on  the  disk  and 
on  the  half-plane,  one  may  consider  the  following  equalities  to  be 
valid: 


h(p.  ]  J'(i|)e"'*'”"*^. 


j J*(p.  j  f  (ij) e1*’1  ,ln * di\. 


(8.11) 


Therefore,  the  field  from  the  nonuniform  part  of  the  current  flowing 
on  the  disk  will  equal 

I  ^*n  tin 


_  ,,  loHn,  r  /  (*o  tin  •— j-) 

£  =//.  =  g»  (2) e  \  /_ 
*  '  K2.-.*o  «ln  8 1  v  ' 

— f  (*o  tin  #  —  .  nj* 

where  in  view  of  (7.01) 

=*  —  Htx  cos  <?.  Htx  sin  ?. 


(8.12) 


(8.13) 
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For  the  direction  0  =  0,  we  have  according  to  Equation  (8.01) 


2*  • 


but  in  accordance  with  equalities  (8.09)  -  (8.11) 

J/>.  *)*?= is 

♦ 

J/t.fP.  sfnt- 


(8.1ft) 


(8.15) 


Consequently , 


*  * 

Jcos^f/'jp,  *)rfp+ 

s* 

sin  ij» 

4  # 

f/i>  *)4>]=0, 

.  a  •«* 

A*  TT’ 

•  J 

f  * 

—  \cos^f^  (p.  <|>)</p-f. 

-  w  V 

Urn  1  • 

+Jsin^J/^P,  «rfp|=0. 

(8.16) 


that  is,  in  the  direction  of  the  main  fringe  (®s=*0)  the  field  from  the 
nonuniform  part  of  the  current  equals  zero. 


By  using  the  Bessel  functions  and  for  the  field  from  the 
nonuniform  part  of  the  current,  one  may  write  the  equations 

£f  =-//,=  {[/•  (2)  -  r  (1)1  4  (ka  sin  0)  + 

+  /I/’(2)  +  /,(l)I/,(*asin»)}^!, 

taH^  (3.17) 

£»  "  “  -T 1  «*'  (2) "  S'  (1)14  (tesin»)  + 

+flf,(2)+*,(l)J4(*«  sin  •))!£. 

which  with  ka  s in  ® ^  1  change  to  Expressions  (8.12),  which  were  alread 
found.  In  the  direction  0  =  0,  these  equations  give  a  field  which 
equals,  in  accordance  with  (8.16),  zero,  and  with  intermediate  value. - 
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t  hry  arr  l  nt  r  rpr  I  at  r.l .  f.lurr  I  Ii<'  t  rants  1 1  1  m  t  !*  •  t  «i :  1 1  1  ,«m  ■■  t  .'  .  1  . 

tr  K.jliat  I  «'!»:•  (t'.l/l  1  M.'t  rrmp  t  «*  t  r  l  y  unt.pir,  in  tin-  utiru  I  a  r  lilt  i 
0  <  •*  ^  K.  ju.it  trnr-  17)  may  t-rlvc*  a  ivrl.-ilii  rrrrr.  Till:  «•  i*i*.  *  i-  la 
n.'t  vrry  a- 1  y;n  I  fl  rant  ,  alurr  1  ti  Mila  Interval  tin-  flrl.l  t'r.’m  tin-  u 
t'.'rm  part  rf  the  rurrrnt  la  larpr. 


(t  Tin*  Trial  Klrl.1  Hr  l  tip:  f-rat  t  rrr.l  hy  a 

I’lr-k  with  Nrrmal  Irra. llatlrn 

Turnlnr;  t .  *  K.piat  Imr.  li'.o?),  an.l  (S.lyl,  l«’t  ur-  rrprr 

t  ti<>  t'l.-l.l  frnn  t  hr  nnmnl  frrm  part  >>1’  t  he  rurrrnt  1m  t  hr  frl Irwin 
t'.'rm: 

Ef  •„»  -  //, « -/.»//„  /. (*a  sin  ») **-  - 

~ {!/<*') -/(»J  A  (*•»*!«»)  I 

r»* 

HI/C-)  1/0)1  J* l*<»  sin  °))  9  K  *  . 

•Ina  •»* 

/?,  -  //,  tia  l  cos  »  /,  (ftu  Sin  »)  *  -  -  '  *  *  • 

- {l«  <*’)  -  fi  ( 1)1  /,  (to  sin  »)  f- 
}- 1 lit (*)  I  uO)K(*‘»si«®)} sin?  g-. 

Here  tin*  ftrat  trrmr. ,  a:--  1  r.  rra.lt  ly  apparrnt  ,  rrprrr.rnt  t  hr  f  •  l 
t'rrm  t  tir  unlt'rrti!  part  of  t  hr  rurrrnt  t  ul.ru  with  1  hr  rpprrltr  !  ru 
A  a  a  rrr.ult  ,  t 'ar  trial  flrl.l  arut  t  rrrd  hy  1  hr  .11  a  U  vthat  t 

rum  t  tu'  fir  1.1a  ra. Mat  r.i  hy  t  hr  uu  1  farm  an.l  nmun  1  from  part  '  rf 
rurrrnt  '  will  hr  rxprrnr.r.l  rnlv  In  trrtttr.  rf  tin*  t'uurt  Irnr  f  an.? 
wtilrh  .lrtrrmlnr  In  t  hr  r  1  r.rrrur.  arlutlrn  t  hr  ryllu.lrlral  wavr  i'rr 
tin*  ha  1  f-p  l  atn* 1  r.  r.lyy 

E,  -  //,  c«Kf  {|/c.*) 

~~/ll)| ',(*<» '»<«»)  i  M/C*’)  I 


/  (l)i sin  0)}'#- 


r.  It, 


ia"r  sin  f  {U-C-’l 


— irtni ■',(*.» s«n «»)  |  .[«(-’)  ! 

I  g  (111  A l*«i sin  #1}  „ 


f-uhst  1 1  ut  I  nr  !ii' tv  tho  explicit  expressions  for  tho  functions 
f  anil  i*,  wo  arrive  at  the  final  expressions  for  the  frlnptrif*  ftolil 


e  _  f.  i‘iH„  (/,(*<»  *l*»> 

cf  —  nt—  2  *  " 

[  ,,BT 


__  •)!«** 


cot  -y 


•  |Vcos* 


Et  --  n% = _  *•»-.  r  y.ftL*flL+ 


•“T 


COf  T  J 


(".0.0 


These  equations  are  valid  in  the  rlfiht  half-space  .  In  the 

left  ha  l  f-space  f  the  frlnjtlnp  field  Is  easily  found  bv 

assuming  that  Its  electric  field  Is  an  even  function,  and  its  magnetic 
field  an  odd  function  of  the  z  coordinate: 


//.(*) 


(h.u'l) 


Consequently,  In  the  region  z  <  0  (that  Is,  when  -!}-<•<«  1 


U  /«//, 

H  *  “  ’2“ 


/,  (*4  tia  I) 
‘  > 


co*  -j- 


iatf. 


Et=  Hf  = **»L+ 

co*-j- 


,  .In  M] 

T  ■  ^  ^  sin 

‘T 


tla 


(>i.0‘O 


Assuming  that  In  Equations  (".0  O  and  (>i.0r>)®  — 0  and  »  =  *,  rosn.vt  ve  1  y  , 
we  obtain 


f,  =  0. 


./»» 


(".Or' 


which  is  equivalent  to  the  physical  optics  approach  [see  Equation 
(Y.:'0)  1. 


ri’n-iic- 


Expressions  (9.03)  and  (9.05)  agree  with  the  result  obtained  by 
Braunbek  [29]  for  the  scalar  fringing  field  in  the  far  zone.  It  is 
also  interesting  to  compare  these  expressions  with  the  precise  numerl 
cal  results  obtained  by  Belkina  [3*1]  by  the  separation  of  variables 
method  in  the  spheroidal  coordinate  system.  It  turns  out  that  even 
with  ka  3  5  a  satisfactory  agreement  is  observed  between  our  approxi¬ 
mation  method  and  the  rigorous  theory.  In  Figures  20  and  21,  graphs 
of  the  functions  and  are  presented  which  allow  one  to 

calculate  the  fringing  field  on  the  basis  of  the  equations 

-  H  /*<»•..  „<*, ,..•»*  .  (  (9.07) 

— (a)jTs,n*.  ) 

The  continuous  curve  corresponds  to  the  rigorous  theory  [3*0.  The 
dash-dot  curve  corresponds  to  the  field  from  the  uniform  part  of  the 

current,  and  the  dashed  curve  corresponds  to  the  field  calculated 

according  to  Equation  (9-03)  and  (9.05). 


Oblique  Irradiation 


S  10.  The  Physical  Optics  Approach 


Let  us  investigate  the  general  case  when  the  plane  wave 

g  _5 


(10.01) 


falls  on  the  disk  at  an  arbitrary  angle  to  Its  axis.  Let  us  take 
the  spherical  coordinate  system  in  such  a  way  that  the  normal  to  the 
incident  wave  front,  n,  would  lie  in  the  half-plane  ?=-y  and  form 
an  angle  y  with  the  z  axis  (Figure  22).  Adhering  to  the 

investigation  procedure  used  in  the  previous  sections,  let  us  first 
calculate  the  fringing  field  In  the  physical  optics  approach. 

The  uniform  part  of  the  current  excited  on  the  disk  by  wave 
(10.01)  is  determined  by  Equation  (3*01)  and  has  the  components 


P  —  JL.H  ,ln  t  10  _  C  u  iky  ,|n  •  0 

'»  2xn,'>  *  ’  2TW»*e  •  /,— 


(  10.0  2 ) 
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!5ms«ivi 


ESBPKau 


'±uMmm\ 


-fa  dl?L 

The  field  radiated  by  it  iq 

(With  the  condition  R  „  ka^  ’ *aS  d°n<!  ln  ’  7"  **  int^atln, 

incident  wave  (E Uyoz),  this  field  equal/356  ^  E~P°larizatien  pf  the 


e$  ~  la^%*  •  cos  Y  cos  9  cos  O  A.(iayiL±t,)_  *'** 

fTO  *  • 

E f  -  “  **  ~-iaEt,  -cos  r  sin  « •** 

>'**+?  *  * 


(10.03) 
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and  in  the  case  of  H-polarization  (H,j j,oz) 


g»  —  ^~~w//>tcos  &  sin  v  hi »***  l 

tf  ’  I 

-  —  //*  -  -  ial1tx  cos  ?  •'** 

K  X>4-i»  •  I 


do. o/i) 


~~  - -iaHtx  cos  -f  — — ... .  ___ . 

mined  “in' the  *^0!  lowing  are  deter- 


^  =  sin  0  cos  f , 

I*  =  sin  ^  sin  7  —  sin  y, 


(10.05) 
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Assuming  and  •=»  *  —  T  in  the  resulting  expressions, 

let  us  find  the  field  scattered  by  the  disk  in  the  direction  toward 
its  source.  With  E-polarization  of  the  incident  wave,  it  equals 


H%  —  ~jjpr  «n  ») . 


0. 


(10.06) 


and  with  H-polarization 


Etr=Hf  —  y, \2ka sin *) '-jr .  J 

e^H^o.  f 


(10.07) 


Using  the  asymptotic  expressions  for  the  Bessel  functions,  one 
is  able  to  show  that  when  R  >>  ka2  and 1  the  fringing  field 
is  radiated  from  a  luminous  region  on  the  disk.  In  the  case  when 
/inFi^o,  the  luminous  region  is  increased  and  in  the  limit  (when 
*  *  v  *  0)  the  entire  surface  of  the  disk  starts  to  "shine". 


f  11.  The  Field  Radiated  by  the 
Nonuniform  Part  of  the  Current 


Let  us  calculate  the  field  in  the  nonuniform  part  of  the  current 

J«(p.  $)=J(P. (11.01) 


Its  corresponding  vector  potential 


^ H 


— *+y  ( ; — ») 


(11.02) 


by  means  of  the  stationary  phase  method  is  transformed  with 
ka )/ V -f- 1*1 3*  1  to  the  form 


(11.03) 


Here 
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*.  =  *.  «»  =  *-(-«  (11.0*1) 

are  the  stationary  phase  points 
and  the  quantity  6  is  determined 
by  the  equalities 

sin8=FST?’  cos8=^V?-  (11*05) 

Prom  Equation  (11.03)  it 

2 

follows  that  with  R  >>  ka  and 
ka  1  the  main  contribution 

to  the  fringing  field  is  given 
by  the  luminous  region  adjacent  to  the  line  i p  =  iK,  p  *  ip^-  Thus, 
the  stationary  phase  points  t|>2  physically  correspond  to  the 
luminous  line  on  the  disk  surface. 

In  order  to  calculate  the  vector  potential  (11.03),  it  is 
necessary  for  us  to  first  express  the  nonuniform  part  of  the  current 
on  the  half-plane  in  terms  of  its  field  in  the  far  zone.  For  this 
purpose,  let  us  introduce  the  auxiliary  coordinate  systems  x^,  y^ 
and  x2,  y2  (see  Figure  23),  and  let  us  take  the  following  designations: 

al’  ei^a2’  S2^  are  ^he  anRles  between  the  normal  to  the  incident 
wave  front  and  the  coordinate  axes  x^,  y^  (x2,  y2); 

*l(*J  *  -<^2)  is  the  angle  between  the  z  axis  and  the  projection 
of  the  indicated  normal  on  the  plane  x^  =  0; 

1  ( 1  =  -<t>2)  is  the  angle  between  the  z  axis  and  the  direction 
from  the  coordinate  origin  to  the  point  p(y^,  z)  which  lies  in  the 
plane  x^  =  0  and  is  the  projection  of  the  observation  point  P(x,  y,  z); 

r^  is  the  distance  from  the  origin  to  the  point  pCy^,  z). 

The  quantities  introduced  here  are  determined  by  the  equations: 


Figure  22.  The  oblique  inci¬ 
dence  of  a  plane  wave  on  a  disk, 
n  is  the  normal  to  the  incident 
wave  front . 


■  ... 'c-  c o-diAUriC 
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cos  a,  —  —sin  Y  cos  >{<„  cos  %  —  sin  Y  sin  •>„ 

*»  —  *“**»•  A  —  *—?,. 

•  -0  C )» },  >1  cut  T 

*»a?i— »;57;.  cos?i  • 

sin  a _ _  «in»c  >»(!,-») 

sin?,  -  v •()V|-,-(>— y . 


}f\  —tin* Fsin* ($,—  9)  * 
r,  =»  / 1— sin*  ft  sin*  (•>,  —?) 


(11.06) 


Furthermore,  let  us  write  the  expressions  for  the  field  from  the 
nonuniform  part  of  the  current  excited  by  wave  (10.01)  on  an  ideally 
conducting  half-plane  —  oo <y,<a.  In  accordance  with  §  5,  they  have 
the  form 


where 


r  . 

I  (v.  ♦  -f ) 


*,  =  Asina,,  1 

*,  (sin  ?,  —  sin  ?® )  =  *  J 


f)  •  A 

T*—  T|  .  fs  +  »i 


tin  — s —  +  cos 

/•(?„  ?f)=*. 


cusyi 


sin  f  |  —  sin  f,  sin  f* — sin  j, 


*'(?..  ??)  = 


—  sin 


ft-?? 


+COS 


fc  +  r? 


cosT| 


*,n  »i  ~  *'n  f. 


*!“?”- *l"f.  ’ 


(- -r  **»<?)• 


(11.08) 


(11.09) 


On  the  other  hand,  this  field  may  be  expressed  in  terms  of 
the  vector  potential 


A  -  i-  j  J  j  *•  <11.10) 
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By  means  of  equation 


Vp'-t*,  Ira  <7  >  0,  D> 0, 

which  follows  from  Equation  (3.10),  If  one  substitutes  z 
d  *  -ip,  k  =  -ID,  in  it  we  find  that 


(11.11) 


=  t,  w  =  e, 


A  -  T  e'*"  -  J «» (1)  H>  /P+ft-tf]  e'*1*-  *</,.  (n.i2) 


Taking  the  fact  into  account  that 
the  nonuniform  part  of  the  current 
is  concentrated  mainly  in  the 
vicinity  of  the  half-plane  edge 
and  using  the  asymptotic  repre¬ 
sentation  of  the  Hankel  function, 
we  obtain 


i*(i,cot  «,+r,  ~  ; 

•  4  J  J(l)e'*’*%, 


(11.13) 


Figure  23-  Diffraction  by  a  disk  where  —  sin*,sin<p,— 

with  oblique  incidence  of  a  plane 

wave.  The  half-plane  L  lies  in  =sin  ( sin •>,  —  sin » cos (■}>,  —  ?) 

the  plane  of  the  disk.  Its  edge  _ 

is  tangent  to  the  circumference  1/  i  —  si^Tc^*  _  (11.14) 

of  the  disk  at  the  point  x]_  *  0,  r  6 

y^  *  a  (a  is  the  radius  of  the 

disk).  In  the  case  when  =  6  [see 

Equations  (11.04)  and  (11.05)] 

the  function  takes  the  value 


=  +  (11.15) 


Starting  from  expression  (11.13),  it  Is  not  difficult  to  shew 
that  the  fringing  field  in  the  far  zone  is  described  by  the  following 
equations : 


(11.16) 


where 


E^sa—ik  sin  a,  cos  a,  sin  4*  Ik  sin* s,^,  ) 

//,,=»-'*  sin  «,  cos  •  / 


a  I  ./~2n  <W*i co»%+^« •!»«+<■ 

e,JS“7"r  EFT* 


(11.17) 


(11.18) 


Then  by  equating  expressions  (11.07)  and  (11.16),  we  find  the  desired 
connection  between  the  nonuniform  part  of  the  current  on  the  half¬ 
plane  —  oo<y,<a  and  its  field  in  the  far  zone 


'*<« — ira-mrSi 
'..WJ— nasm;  »! )- 


“  IMjiIB'i,  'ti.  / 

-cosa1tgflA/ai^,(?„ 


(11.19) 


One  may  show  in  a  completely  similar  way  that  the  nonuniform 
part  of  the  current  excited  by  wave  (10.01)  on  the  half-plane 
—eo<!/,<a  creates,  in  the  far  zone,  the  fringing  field 


where 


Eu~  —  ik  sin  a,  cos  *,  sin  ?tA0i +lk  sin* a, /l, , 
H t  — — ik  sin  i,  cos  Af>, 


|  -  f  co»  j,H->  y 

®*  “  T  r  v7  e 


(11.20) 


(11.21) 
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— * 


(11.22) 


On  the  other  hand,  in  accordance  with  i  5  this  field  equals 

£0J‘ (?„ ^ )  i— =- e  J  . 

_ _ e  (*‘,,TT) 

"%“•  "nx, 8  (?»■?..)  ^-^77~'e 


(11.23) 


>,  (sin  ?,  —  sin  )  =  —  J/’I*  +  t**. 


(11.24) 


and  the  functions  /*(?».  and  g'(?n?3)  are  determined  by  the  equations 


r(?„ 


.  ?.+  T, 

$ln  — 5 - -  — 5 — - 


,  cu«t'i> 

'  sine?— sii 


1  *’  *  sin??  — *in?,  'sin??  — sin  ft  * 

. ».-»? .  ?«+ti 

sin  — s - H  co*  — s — 

-•/-  „<>)= _ 2  2  | _ £2*JL»___ 

*  "  2  *ln?J— *inf,  rinfj  —  (Inf, 


Equating  the  quantities  (11.20)  and  (11.23),  we  find 

-  ,/*aK)T"n5 

/„,(t.)=  -  7**T  ,in  a,  CO.-,:  7W  (»*»  **  >• 

^X,  (ti)  =  7*2^  sTn5^  I  ^  “ 

-cosa1tg<p1//Mii'('?„  ?,)). 


(11.25) 


(11.26) 


In  this  way  we  established  the  relationship  between  the  nonuniform 
part  of  the  current  on  the  half-plane  and  its  field  in  the  far  zone. 
Now  let  us  return  to  a  calculation  of  the  field  from  the  nonuniform 
part  of  the  current  flowing  on  the  disk. 
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Since  the  disk  is  assumed  to  be  large  in  comparison  with  the 
wavelength,  the  nonuniform  part  of  the  current  in  the  vicinity  of  its 
edge  may  be  approximately  considered  the  same  as  on  a  corresponding 
half-plane.  Consequently,  the  integrals  in  Equation  (11.03)  will 
approximately  equal  the  corresponding  integrals  from  the  current  on 
the  half-plane: 

jyjp.  =  /„(*.). 

j'jp' 

•  „ _  (11.27) 

jSJP.  to  + 


As  a  result,  the  vector  components  of  (11.03)  may  be  represented  in 
the  following  form: 


2r.g 

*  v  »  +v 

2n a 

TP 


./**  1  - 


J*»  l- 


(11.28) 


Then  substituting  these  values  into  the  equations 

=  ikAf = ik \Ay>  sin  ($,  —  <?)  —  cos#,  —  <p)J.  » 

£, = =ik  (4,  cos  (*,  —  f )  -f  A,  sin  O,— ?)J  cos  *,  J 


we  find  the  field  from  the  nonuniform  part  of  the  current  flowing 
on  the  disk 


/It 


J** 


VlxktYTTT-,  * 
_  C0t(i,  —  f) 


H  f»ln(^,-T) 


ox,  [lina,  cot  ft 


sin'  a( 


■  COS  2, 


lg?,]x 


X  I g‘  (?,.  ?! )  ig‘  (?,,  ft )  e'*"^  “+I**]  _ 

—  £  — T)  ~’)e-i*4  K>Tf?r_ 

»*.  fin's,  *'  'I'c 


-'VO,.  ) e’*-* x,+ •**  | 


)■ 


(11.30) 
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(11.31) 


‘T 


£  —ff  —  aJ  et^J  _ (  H  I  c,,< <♦'—»)  t. 

*  *  1  "“l  ’•!><•,  cos »,  ^ 

cos  ’>  ?<  ]f*'  ?' )  e-'*0''^  - 

-v<*..  )  e,*a*'  iT+“*j  +Eifi 


The  resulting  expressions  are  valid  when  *a/A*-fji*  >1. 
may  be  slightly  simplified  to 


Phey 


at 


£  =-  //,=  , _ _ ----- 


7TX 


X{-  //„,  cos  *  i!",(,nVrr-  fe*  <*•  ?: )  er-W- 

-  «V  (?,.  <?; )  e'^^I  -  C”/X~-X 

X f/‘  (?,.  f? )  e-*a/i~-  »r  ?; )  } , 


1 T 


e1** 


l  2r.ka  V  X*+ 
c°s (I,  - 


-  /*’(?..  $  *,kaV^\  +  f«a,cos  »  -S^X 
if  we  use  the  identities 


»ln  (<fr,  —  y)  cos(t,-y)  tg1.  _cos»«in(V- ?)_ 
sin  a, cosy,  sln'a,’  1  ®  ™  sin’*, 


cos(*i  —  t)i_  sin  (*,  —  ?)  ,  —  ^*\r,  —  T, 

sin  a,  co*  ft  *  sin’s,  1  “  fin’ a,  cos* 


-  cosjv-f) 


(11.32) 


(11.33) 


The  operations  carried  out  above  may  be  briefly  summarized  in 
the  following  way.  The  field  from  the  nonuniform  part  of  the  current 
on  the  disk 

A=afir  WJ<*  v)e‘*p*^ 

i  o 


is  found  (without  direct  calculation  of  the  current)  in  terms  of  the 
known  field  of  an  auxiliary  half-plane 
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detail  the  frln^ln^  field  In  the  Incident  plane  <*.  ? -:*r  whore 
the  expression;'.  (11. 3-^ )  take  the  form 


* '«  .  ,  at* 

’-"•“V  t^£^r{X)v  ■*""  +‘/,<2>*  iV- 

wlt  h  f  —  .  *>T. 

(2)  e’"+ 1,1  f,)e"1  ^ 

with  ?=*-y  • 

i  • 

with  9=»  —  -j-: 


(1.?.01) 


£,=  /*,=  |-  g'  (1)  e-1*4^  ig'  (2)e‘*°I” 

withf=*-f,  »>T. 


with  ?=s-y ,  »<t. 


( 1  .**  -  0.’  > 


with  ?  — — =-• 


The  functions  f*(l)  and  ^(l)  ei'rrespend  to  the  field  of  the  auxllta 
half-plane  — oc *i y a  t  and  the  functions  f'(.?)  and  p  *  ( d )  correspond 
to  the  field  of  the  half-plane  — o,  Tn  aecet’danee  with 
H.juat  li'ii;!  and  (11.  dr.),  (  hey  are  determined  hy  tiie  txrre;-.- :  on 

»ln  -  2~  -Hoi 

/■(i)=</(,i-)ilr~vnr,-  ■  ftD=  . 


*n>- 


ilnx—  lin*  ' 

—  sin-  j  !+co»— j— 
sin  j  —  sm#  • 


t  1  O 
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»  +  T 


/<s>— — ^ sn 

Hn  -  j-^+toi  — 

*■«-*(!>+  s^sr .  *W= - 


iln  — . j - co»  2 


f  ?=  y  and  ®<-j-  ;  and 


/•(1)=/(I)-T37?i 


*+T  »-T 

sin  ■■  a  ““COi  n 

C0* I  -  ((]); 

J»BT  +*10#’  M  ’ 


tto  y  +*in#  ’ 

»  +  T*  #  —  V 

iln  — ,--!+co* 

_ ??!_* _  flm  = _ _ _ L 

*in  *  +  *m  » *  ■  •'  '  iint  +  iin<* 

*ln  +co*  — j— 

r  (2)=/(2)  +  liH7T^r# .  /(2)=  T  --iSTT+HTS-** 

»  +  T  »-Y 

£'(2)  =  £(2)  + 


COi  ft 


(12.03) 


(12.04) 


It  was  mentioned  above  that  when  ka  >>  1  In  the  direction 
®=T  (O’ < 7 < 53°).  <f  —  y  the  field  from  the  nonuniform  part  of  the  current 
is  negligibly  small  in  comparison  with  the  field  from  the  uni  form 
part.  Therefore,  for  the  field  from  the  nonuni  form  part  of  the 
current  one  may  v/rite,  with  the  help  of  Bessel  functions,  the 
following  Interpolation  formulas:  with  ?=-£- 


Ef  -//,=  {[/*  ( I;  -  /*(2)]  m  - 

-«i/,(i)+/,(2)iy,(C)}-i-. 

Et=H'= {[«•  (1)-  *•  (2)j  y,  (C)  - 

JkR 

-'Voj+^wi^ojV* 

{[/« (1)  - /■  (2)] y, (;)  + 

+  /[/•  (!)  +  /•  (2)1  y:  (!)}*—. 


(i:\05) 


•  •  k  -  .  >  •  j  ‘  l  1 


( Kquat  -1  an 


1  I  i ;  •  1  x  • 


t’O 


c  m  • 


(12.06) 


where 


C=s  4a(sin®  — siut).  1 

t  =r  ka  (sin  »  +  Jinx)./  (12.07) 


These  expressions  are  valid  In  the  region  when  1  and  !«j  >  1 

they  change  to  Equations  (12.01)  and  (12.02),  and  in  the  direction 
•  *f,  f s= -j.  they  give  a  field  equal  to  zero. 


Using  specific  expressions  for  the  functions  f^  and  g\  it  is 
not  difficult  to  establish  that  the  total  field  scattered  by  the 
disk  in  view  of  Equations  (10.03)  and  (10. 0*0  may  be  represented  in 
the  following  form: 


with  ?**-§• 


£f  =  -  Ht  ='— •*{[/  (1) -/(2)]y, (0 -  j 

-/[/(1)+/(2)J4(C»V* 

-£-*  (f«(l)  (2)1/,  <9  - 

-  /te(l)  +  ?(2))/.(C)}^ . 


(12.08) 


and  with  ?  =  — 


,4,*{[/(l)-/(2)l/,  (i)  + 

+  ' 1/ (1)  *r /'(2)| /,(«)}  ^-. 

£,  =  H_  «  '"Ji*  {[g  (1)  -g  (2)1/,  f;)  + 

+  /l?(l)+g(2)]/,(5)}C. 


(12.00) 


It  is  convenient  to  write  these  expressions  as  follow.' 

ioE..  _  j»k 

//,=  - r1*#.  t)»- • 


(12.10) 
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'  /  : 


where  the  functions  Z  and  X  are  determined  in  the  region  0< 
the  equations: 


by 


£(fr,  Y)  1  — - i'-GL-  *-i  ~r*&— 

V  .1  —  y  il  -fy 

£(»,  Y)  /  *lfl  ~~2  co*~2- 

r\  )  _  AO  — :  _  e 

,V  l=— T+7-' — with  9— — j-. 
-(».  Y)  J  ,ia~y  co*-^- 


,-with 


(12.11) 


and  in  the  region -y<9<« 


AO 

»+y 

41 

T* 

,  with  ?=-?-, 

co» — j 

«la--'2' 

AO 

i  AO 

wl  f  h  A  — _ 5 

cot- 

-ifi 

Wibil  f  1  K • 

Here  assuming  y  »  0,  we  obtain  the  previous  relationships  (9. 
(9.05). 


(12.12) 


03)  and 


In  the  directions  ®  =  T  and  *  =  «  — Y  (with  ?■*-£-) ,  where  the 
scattering  diagram  has  a  principal  maximum,  it  follows  from  Equations 
(12.11)  and  (12.12)  that 


3y)  =  2(Y)=-  *acosT 


(12.13) 


£(*  —  Y)=  •—-(*•  -  T)~  —  ka  cos  y- 


(12.14) 


In  the  direction  toward  the  source 
’£(!>)  and  S(9)  take  the  values 


.  the  source  ^9  — c  —  y.  ?  =  — j  ,  the  functions 
J=^:5Sfr/.(?)-/V1(?).  (12.15) 


Here  considering  =  we  obtain 

i  00  :-_-S(r) 


(12.16) 
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which  corresponds  to  the  physical  optics  approach  [Equation  (7.20)]. 
The  functions  I  and  Z  allow  one  to  calculate 


ai==«z,|s1'.  ^  = 


(12.17) 


which  are  the  effective  scattering  surfaces  with  the  E-  and  H-polar- 
izations  of  the  incident  wave.  Let  us  recall  that,  by  definition, 
the  effective  scattering  surface  is  a  quantity  equal  to 


(12.18) 


where 


JZ  Re  [EH*] 


(12.19) 


which  is  the  energy  flux  density  averaged  over  one  oscillation  cycle 
(the  Poynting  vector)  in  the  scattered  wave,  and  SQ  is  a  similar 
quantity  for  the  incident  wave. 

In  this  way,  we  obtained  the  expressions  for  the  fringing  field 
which  approximately  take  into  account  the  nonuniform  part  of  the 
current.  In  the  incident  plane  “j'J  >  they  have  a  form  which  is 

rather  simple  and  convenient  for  calculations.  It  Is  also  interesting 
that  In  this  case  they  satisfy  the  reciprocity  principle  as  distinct 
from  expressions  (10.03)  and  (10. 0^)  which  correspond  to  the  uniform 
part  of  the  current.  It  is  not  difficult  to  prove  this  by  verifying 
that  Equations  (12.11)  are  not  changed  with  the  simultaneous  replace¬ 
ment  of  y  by  0  and  of  »  by  y,  and  Equations  (12.12)  are  not  changed 
with  the  replacement  of  0  by  »  -  y  and  of  y  by  *— &  [in  the  case 

»»--f  ). 

However,  Equations  (12.11)  and  (12.12)  lead  to  a  discontinuity 

of  the  magnetic  field  tangential  component  H  on  the  olane  z  =  0  in 

<¥ 

which  the  disk  lies.  As  in  the  case  of  diffraction  by  a  strip,  the 
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edges"  jf3.f  thSt  ”  did  not  consider  «>e  Interaction  of  the 

..  ..  c  e  r  to  ta*e  ^  ~  ?*.  demotion 

i  gxancxng  incidence  of  the  Dlan*»  ue„n  A»_  *  \ 

the  fringing  field  components  E,  and  must  he  equal  torero!" 

expression:  T^TlSTuT^ n" 

?~  .f)  have  an  Interpolation  character  Tut1!"3  &  T'  *  7  (wlth 
one  to  represent  the  fringing nlZ  l  1  , aU°“ 

a  convenient  (uniform)  form  ehich  frequently  "L  IT  X  ‘  0  in 

(compare  §  24).  y  of  greatest  importance 
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CHAPTER  III 


DIFFRACTION  BY  A  FINITE  LENGTH  CYLINDER 


The  distinctive  feature  of  this  problem  Is  that,  in  addition 
to  the  nonuniform  part  of  the  current  on  the  cylinder's  surface 
which  is  caused  by  the  discontinuity,  there  also  exists  a  nonuniform 
part  of  the  current  arising  as  a  consequence  of  the  smooth  curve  of 
the  surface.  This  part  of  the  current  has  the  character  of  waves 
travelling  over  the  cylindrical  surface  along  geodesic  lines  [36]  — 
that  is,  along  spirals  on  the  cylinder.  These  waves,  which  as  they 
move  strike  the  edge  of  the  cylinder,  undergo  diffraction  and 
excite  secondary  surface  currents.  In  turn,  the  nonuniform  part  of 
the  current  resulting  from  the  discontinuity  undergoes  diffraction 
while  being  propagated  over  the  cylindrical  surface.  It  is  clear 
that  specific  consideration  of  all  these  effects  is  a  very  complicated 
problem. 

However,  if  all  the  linear  dimensions  of  the  cylinder  are 
sufficiently  large  in  comparison  with  the  wavelength,  these  effects 
may  be  neglected  when  calculating  the  fringing  field  in  many  cases 
which  are  of  practical  interest.  In  particular,  they  may  be  neglected 
when  calculating  the  field  scattered  in  the  direction  toward  the 
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source  [5,  37].  In  this  case  It  is  sufficient  to  consider  only  the 
nonuniform  part  of  the  current  which  is  caused  by  the  discontinuity 
of  the  surface,  and  we  will  do  this  in  this  Chapter.  The  equations 
obtained  in  this  way  are  generalized  to  the  case  when  the  observation 
direction  does  not  coincide  with  the  direction  of  the  source. 


S  13.  The  Physical  Optics  Approach 


Let  us  investigate  the  diffraction  of  plane  electromagnetic  wave 


E  =  E,  e 


ik(v*\rt  Y+ifo»  f! 


(13.01) 


on  a  finite,  ideally  conducting  cylinder  of  radius  a  and  length  l.  Let 
us  position  the  spherical  coordinate  system  in  such  a  way  that  its 
origin  is  at  the  center  of  the  cylinder,  and  the  normal  n  to  the 
incident  wave  front  lies  in  the  half-plane  ?=  and  forms  an  angle 
T  with  the  z  axis  (Figure  24). 


Figure  24.  Diffraction  of  a  plane 
wave  by  a  finite  cylinder,  n  is 
the  normal  to  the  incident  wave 
front . 


An  incident  wave  having  an 
arbitrary  linear  polarizaton  always 
may  be  represented  as  the  sum  of 
two  waves  with  mutually  perpen¬ 
dicular  polarizations.  Therefore, 
for  a  complete  solution  of  the 
problem,  it  is  sufficient  to  in¬ 
vestigate  two  particular  cases  of 
incident  wave  polarisation: 


(1)  E-polarization,  when  the  incident  wave  electric  vector  is 
perpendicular  to  the  plane  (Eo  j_  yoz) and 


(2)  F-polarization ,  when  H0J_yoz  . 


The  uniform  part  of  the  current  excited  on  the  cylindrical  sur¬ 
face  by  wave  (13.01)  has,  with  the  E-polarization,  the  componectr 
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£  =  —  j7  '*in  y  sin  $  , 

sin i cos* e“*. 

£  —  £  B». ■  co* T cot 


(13.02) 


and  with  the  H-polarization  It  has  the  components 

f.—  —  j 


(13.03) 


where 


<fr=»  asinxsin'Ji  +  CcosT- 


(13. 01*) 


Let  us  calculate  the  field  created  by  these  currents  in  the  region 

?=*  — -y-  . 

The  vector  potential  of  the  fringing  field  is  determined  by 
the  equations 


U  3 


A*Tf^  J  f  =  0 


u  I 
■? 


(13.05) 


and 


O  2 


'“T  J  ^  J  **(’•  W—tfC  with  T>0. 


(13.06) 


where 


r  =  /?» -}- (y -,,)•  +  (?-{)*  . 


(13.07) 


Since  the  field  in  the  far  zone  (R *>  ka*,  R  s>  W*)  is  of  interest  to  us, 
these  expressions  may  be  simplified  by  using  the  relationship 


r=s;/?-{-a  sin  •>  sin  }  —  {  cos  &. 


(13.08) 
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As  a  result,  we  obtain  a  simpler  equation 


A “  7" if" J t>ka ,m * *,n * J  J‘(C.  <|»)e-,Kt0**<«. 


(13.09) 


Since  the  current  components  are  described  by  the  functions 
/  (♦)*”*>  t  then  the  problem  of  finding  the  field  reduces  essentially 
to  a  calculation  of  integrals  of  the  type 


j  eIK«o.i-eo»*,dC  J  /(<!•)  ,i"  *</<]>  = 


J  f  1 (CO*  T-co»  I)  M 

ii( cos  y—  cosT) 


(13.10) 


-  (  (CO«  |-C\«  ♦)  ■>  2 


The  integral 


J  /  (v)  p—  *a(sin  Y  +  sin») 


(13.11) 


when  p  >>  1  is  easily  calculated  by  the  stationary  phase  method.  The 
stationary  phase  point  is  determined  from  the  condition  -~-sin^=-0 
and  equals 


Y» - 2  ' 


(13.12) 


Then  assuming  <^= — +  we  find 


r  ‘fr 


j  /  (■»  e"  "B  (*.)  e“"  j  e  r  d!  » 


(13-13) 


As  a  result,  we  obtain  the  following  expressions  for  the 
vector  potential: 
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with  E-polarization 


A*  —  "S'  B»*  *'n  T  ~s~  1’  A„  ■=  At  =*  0 


(13.14) 


and  with  H-polarization 


>4,  =3  // M  •  •  / ,  .4,  —  /4y  =  0. 


(13.15) 


where 


w  kl 

l  r*  <«•*  f~<o#  I)  -i  j-  (cu«  |— co»  t) 

/=! _ .  -y 

ik  (coij  —  cot  t) 


x/ 


-/**  hln  x-f  tin  ♦>  -W  J- 


(13.16) 


The  fringing  field  in  the  region  ^  — _ is  determined  by  the 

relationships 


—  H%  =  ikAx, 
E9=H^~  —  ikA,  sin  d. 


Therefore,  with  the  E-polarization  it  equals 


and  with  H-polarization 


(13.17) 


(13.18) 


(13.19) 


The  resulting  equations  show  that  the  field  scattered  by  the  cylin¬ 
drical  surface  is  created  mainly  by  a  luminous  band  adjacent  to  the 
cylinder's  generatrix  with  ^  =  — ~~  .  The  radiation  from  this 

band  may  be  represented  [see  Equation  (13.16)]  in  the  form  of  spheri¬ 
cal  waves  diverging  from  its  ends  (points  2  and  3  in  Figure  24). 


Now  let  us  write  Expressions  (13.18)  and  (13.19)  in  a  form  which 
is  most  convenient  for  calculating  the  effective  scattering  area 
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/! 


4  E/®’  r). 


(13.20) 


V#  —  0  sin  7,  51  —  —  G  sin  ®, 
0=2)/  B*fl(l|BY+ltll»)X 

tin  I ^  (coif  —  cos  0)1  — >*<•  (»in  T+*in»)+(J- 

. — * —  , ..  _  e 

COS  t  — >  CO*  • 


(13.21) 


(13.22) 


The  Index  "0"  on  V  and  V*  means  that  the  field  was  calculated  in 

U  ^*11 

the  physical  optics  approach  (based  on  the  uniform  part  of  the 
current),  and  the  index  "c"  shows  that  this  fringing  field  is  created 
by  a  cylindrical  surface.  The  effective  scattering  area,  in  accord¬ 
ance  with  (12.17),  is  determined  for  a  cylindrical  surface  by  the 
relationships 

\.E=ra*  =«a'sin,T|0|,>  I 

o*  H  —  ita*  *=«a’ sin'^IOj*.  (  (13.23) 


In  the  direction  of  the  mirror-reflected  ray  (&  =  y)  ,  we  have 

\  g  —  \H  —  sin  &  =  I*  s'n  *• 


(13.24) 


In  the  direction  toward  the  source  the  functions  V 


and  equal 


'  >  r .  - ,  .  >tn  S+I- 

sin  I*  sin (kl  Cu$  It)  « 

~ka  cot  ft 


(13.25) 


These  expressions  are  valid  if  ka  sin  I  .  It  is  not  difficult, 
to  see,  by  means  of  equations  (13.02)  -  (13-05),  that  the  frinirlnr 
field  equals  zero  if  y  =  0  and  0=n  .  Thus  in  the  case  of  radar  (that 
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b*. ./  .  . .  /  ,  >  ! 


/  x 


'  ■> ;  .  *  .  ■■  ■ 
f  .  Vr  r 

- :V  v  . , 


is,  in  the  direction  toward  the  source)  we  find  an  expression  for 
the  fringing  field  in  the  region  ka  sin  fti-J  and  in  the  direction 

Naturally  the  desire  arises  to  write  interpolation  equations  — 
that  is,  equations  which  would  provide  a  continuous  transition  from 
the  region  ka  sin®>i  to  the  direction  o=*j»  .  Now  let  us  note  that 
the  field  scattered  by  a  cylinder  is  comprised  of  the  fields  scattered 
by  the  lateral  (cylindrical)  surface  and  the  base  (end)  of  the 
cylinder.  In  the  physical  optics  approach,  the  field  scattered  by 
the  end  of  the  cylinder  is  equivalent  to  the  field  scattered  by  a 
disk.  But  the  field  scattered  by  a  disk  is  described  by  Bessel 
functions.  Therefore,  it  is  also  advisable  to  express  the  field 
scattered  by  the  cylindrical  surface  in  terms  of  Bessel  functions. 

As  s  result,  the  desired  interpolation  equations  for  the  field 
scattered  by  the  cylindrical  surface  may  be  represented  in  the  form 


*»*»  /./Wcoil  r  i*\  •  .  /*m 

2coT5'e  — e  )  IA  (v)  —  <01. 


C  =3  2 ka  sin  9. 

„  *  0  in  the  direction  9-. 

the  conditions  ka  sinft>l  we  obtain  Equations  (13.25). 


From  this  it  follows  that£^ 


(13.26) 


and  with 


The  field  being  scattered  by  the  cylinder's  end  (by  the  disk), 
in  accordance  with  equalities  (10.06)  and  (10.07),  Is  described  in 
the  physical  optics  approach  by  the  equations 


S' 

1 


'x  \ _ / 


(«>•' 


M  cat  • 


(13.27) 


Consequently,  the  field  scattered  by  the  entire  surface  of  the 
cylinder  will  be  determined  in  the  plane  ?  —  — j  by  the  equations: 


JUR  =:• 

•*'  7F  S 


where 
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(13.28) 
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(13.29) 


*  =5=  rSr^e'w *- ®  lw ro’  *> V> «> ~  >J* (C)l h= 

-SJFy«^e,MC0**  2^  sin  ft). 

These  equations  allow  one  to  determine  In  the  physical  optics 
approach  the  effective  scattering  area  of  a  finite  cylinder. 

S  14.  The  Field  Created  by  the  Nonuniform 
Part  of  the  Current 


£> 


Let  us  find  the  field  from  the  nonuniform  part  of  the  current 
caused  by  the  surface's  discontinuity .  Figuratively  speaking,  the 
field  scattered  by  the  cylinder  is  created  by  the  "luminous"  regions 
cn  its  end  and  lateral  surface.  Mathematically  this  field  is 
described  by  the  sum  of  spherical  waves  from  the  "luminous"  points  1, 

2  and  3  (see  Figure  24).  Obviously  the  field  from  the  nonuniform 
part  of  the  current  also  will  have  the  form  of  spherical  waves  diverg¬ 
ing  from  those  same  points. 

In  the  case  when  the  length  and  diameter  of  the  cylinder  are 
sufficiently  large  in  comparison  with  the  wavelength,  one  may 
approximately  consider  that  the  nonuniform  part  of  the  current  near 
the  discontinuity  Is  the  same  as  that  on  a  corresponding  wedge.  The 
field  radiated  by  this  part  of  the  current  In  principle  may  be  found 
in  the  same  way  as  In  the  case  of  the  disk.  However,  such  a  method 
is  rather  complicated.  We  will  find  the  desired  field  by  a  simpler 
and  more  graphic  method,  starting  from  a  physical  analysis  of  the 
solution  obtained  for  the  disk. 

For  this  purpose,  let  us  Investigate  the  structure  of  waves 
(12.01)  and  (12.02)  which  are  radiated  by  the  disk.  These  equations 
include  the  factor 

KS*a(j|nir  -f  sinT)  K  /2rW  V  ~fi  71) «~Y"+7ST  *  (14.01) 
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Here  y  Is  the  unfolding  coefficient  of  the  wave.  It  shows  how 

the  field  Is  formed  with  Increasing  distance  from  the  disk:  the 
diffracted  wave  which  Is  cylindrical  near  the  disk  unfolds  into  a 
spherical  wave  as.  the  distance  from  It  Increases.  The  coefficient 
(sin t -!- sin <>)-'•  Is  proportional  to  the  width  of  the  luminous  region  on 
the  disk  or,  in  other  words,  to  the  width  of  the  first  Fresnel  zone. 
Thus,  in  Equations  (12.01)  and  (12.12)  the  functions  f~  and  g^  depend 
only  on  the  body's  geometry  —  more  precisely,  on  the  character  of 
the  discontinuity. 

Therefore,  it  is  entirely  natural  to  assume  that  the  similar 
waves  which  are  being  scattered  by  a  cylinder  have  the  same  structure 
and  differ  only  in  the  functions  f*  and  which  correspond  In  this 
case  to  a  rectangular  wedge.  Consequently,  in  the  direction  toward 
the  source,  the  field  from  a  nonuniform  part  of  the  current  flowing 
on  the  cylinder  may  h°  represented  when  ka  sin  0'*l  in  the  following 
way: 


.  <  <  tWml 

— V  (D  • .  + 1  • <3, .  .|  i1  £5  > 


I  +/*/ cot* 


V  2nt 

f«*  (2)  e'**"  *  -f  g'  (3)e~'Weo*  »]  e 


IT- 


(liJ.02) 


In  accordance  with  5  h ,  the  functions  f ^  and  g*  are  determined  by 
the  equations 


/’( 2) 
*‘(2) 


/Ml) )  "  f _ i _ _ 

*‘<1)1  *  \cot-f-) 

_  I 

n  n  — 29  / —  ZtliT*  ' 

,0.  —  -CO.  —j-  / 

\  - - - I  coi  — - rot  ■  / 


•,aT 


(1^ .03) 


(Equation  continued  on  next  rare.) 


ro»  J da  • 

2*fn  t  2eot  $  ' 

M 


/‘<3>u_ 

f‘(3)l 


I 


_ 1 _ )  +  .!»■*. 

n  *  *f  2 ft  /  —  2cot  ft  * 

—  —  roi  — - —  / 


(14.03) 


.  where 


* 


(14.04) 


In  Chapter  IV,  we  will  show  [see  Equation  (17.25)]  that  in  the 
direction  »  =  * —  Y  =  *  one  may  neglect  the  field  from  the  nonuniform 
part  of  the  current  flowing  on  the  cylinder  in  comparison  with  the 
field  from  the  uniform  part,  lf£a$>l.  Therefore,  for  the  field 
from  the  nonuniform  part  of  the  current,  one  may  write  with  the  help 
of  Bessel  functions  the  following  interpolation  equations: 


Here 


4*E,(*>* 

-  T  *  TT  E' (ft>* 

*2*  (*)  =  [M'Jt  (C) + TN'A  (<)]  e“' co*  *  - 

-/,(3)K(C)-«-/,(C)]e-‘Wco’V 
V'  (0)  =  iM'A  C)  +  IN  V,  (C)]  eiWc”  *  - 
-*,P)l4(0-l4<9)e-rtfc“\ 


(14.05) 


(1*1.06) 


T  T  ]  l 

and  the  functions  M  ,  M  and  M  ,  N  respectively  equal 


^.’1  -  r  <  i  >  -  r  (2).  it  I = g*  (i)  g*  (2). 

N'l  N'l 


(14.07) 


or 
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I  I 

I3*  n  (■*•  n  *~2f  ~ 

/  \  cos  — —  cot — “ — 

n  n 

_  _ _ I _ _ \  co.  *' ilaft 

*  2ii  )  tin  *  2co.  #*  ’ 

CO. ---CO.—  j 

^*1  «'T(  2 _ _ 

W"  "  Veo.i- l" 


(1^.08) 


co*  V  “  co*  T“ 

_  l  \ _  ilo* 

*■  “  «  21  )-+-  5eoiT  • 

ro^-eo,—  J 

The  resulting  Equations  (14.05)  change  when  ka  sin*>t  into  Equations 
(14.02),  and  in  the  direction  ®  =  *  they  give  a  value  equal  to  zero 
for  the  field.  \ 


S  15.  The  Total  Fringing  Field 

Summing  Expressions  (13.28)  and  (14.05),  it  is  not  difficult  to 
see  that  the  total  field  scattered  by  a  cylinder  will  equal 


where 


5^.  2  (d). 


£(»)  =  [.M7,  (C)  +  iNJ,  (C)l  e,u *  - 

—  /  (3)  (y,  (0  —  f/i(0J  *. 

£  (») = \Mjt  o + inj,  (oj  efWcM  •  - 

—  S  (3)  [/r  (0 — iJt  (C))  e_(Weo*  *  , 

C  =  2Jfca  sin  &  . 


(15.01) 


(15-02) 


and  the  functions  M,  N  and  M,  N  are  expressed  only  in  terms  of  the 
functions  f  and  g  which  correspond  to  the  asymptotic  solution  for  a 
rectangular  wedge 
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"!=/< 0-/(2).  ^=g(l)*g(2). 


(15.03) 


•g\. wri"  "  (-  1 _ — _ ! _ \ 

I  \  co.--eo.-j-  CO.—  -cot— ) 

/  2  _  I  _  I  \ 

j  \eo.--l  co.T-eo.-r-  eo.-j-co.-j-; 


(15.04) 


The  functions  f(3)  and  g(3)  in  turn  are  determined  by  the  equation 


l_  n  {  *  -  > _ \ 

1 1 — —  — i — :h — s s+2»  • 
'  \C0*7"1  «*ir-co,“i~/ 


(15.05) 


Thus  only  the  functions  f  and  g  are  included  in  the  final  expressions 
for  the  scattering  characteristic  of  a  plane  wave  by  a  cylinder. 

In  the  direction  $=*  ,  the  functions  t(0)  and  2(9)  take,  as  in 
the  case  of  a  disk,  the  values 


£  (•)  —  S  («(  ==  kat~lkl. 


(15.06) 


and  with  they  respectively  equal 


(2  *  \ 

S(r)-Sp-*L-«5-“')*w+- 


i-ctg  ‘  — /*/  )y.fc>+ 


(15.07) 


where  c  *  2ka.  The  terms  in  this  equation  which  contain  the  factor 
k l  refer  to  the  field  from  the  uniform  part  of  the  current,  and  the 
remaining  terms  refer  to  the  field  from  the  nonuniform  part  of  the 
current . 
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In  accordance  with  (12.17),  the  effective  scattering  area  of 
the  cylinder  Is  determined  with  t lie  E-polarlzation  of  the  incident 
wave  by  the  function 


9£^=  «*(£(»)  |*.  (15.08) 

and  with  the  H-polarization  of  the  incident  wave  by  the  function 

**  —  **•  |  S(»)|*.  (15.09) 


Let  us  note  that  Expressions  (15.02)  for  the  scattering  field 
may  be  obtained  directly  on  the  basis  of  an  analogy  with  the 
Equations  (12.06),  omitting  the  calculation  of  the  fields  from  the 
uniform  and  nonuniform  parts  of  the  current.  In  the  same  way,  one 
may  obtain  the  expressions 


_  _  I  ~  ICO,  *  +  to* 

2(*.  >.)  =  |M/,(?)+«W,(()]e* 

-  (  II  (CM  •  +  CM 

-/(3)(7,(t)-i/,({)|e  * 

9  M 

I  p  (CM  •  +  CM  •  J 

Z(».  ».)=(/wy1d)+i Ary.d))** 


-f(3)[y,(5)-/y,(5)]e 


-(  "  (roi  •  4.  rot 


O  5.10) 


which  are  suitable  for  calculating  the  fringing  field  in  the  region 
?— — -j-,  -y  <#*,  0(<*  (V— *“T).  The  quantities  here  equal 


(  =  Aa(sin0-f-sin®,)  (15.11) 


(15.13) 


/  (3)  I  ,iBf 


*(3)): 


(  «  ♦  —  \  *  >  +  f  +  **  I 

^  cc.  -  -co»  -J-  CO*  -  -CO. - - - j 


Expressions  (15.10)  satisfy  the  reciprocity  principle  —  that 
is,  they  do  not  change  their  values  if  one  interchanges  ft  and  ft,. 

When  ft  =  ft, ,  they  change  into  the  previous  Expressions  (15.02). 

Equations  (15.02)  and  (15.10)  describe  the  radiation  fron  the 

currents  flowing'  only  on  p3rt  of  the  cylinder's  surface:  on  che  one 

end  (when  z  »  !■)  and  on  half  of  the  lateral  surface  (-*  0). 

£- 

Moreover,  these  expressions  do  not  take  into  account  the  nonuniform 
part  of  the  current  caused  by  the  curvature  of  the  cylindrical  sur¬ 
face.  (Therefore,  they  must  be  refined  with  values  of  ft  and  ft, 
which  are  close  to  j  and  *.  However,  in  the  case  ft  -=ftB  —  that  is,  in 
the  direction  towards  the  source  —  these  corrections  may  be  neglected 
if  the  parameters  ka  and  k l  are  sufficiently  large.  Numerical  cal¬ 
culations  performed  by  us  on  the  basis  of  Equations  (15.02)  show 
that  this  evidently  may  be  done  already  when  ka  =  n  and  kZ  =  10  ir . 

The  graphs  of  the  functions  .  £(ft)j*  and  Sift)  ‘  constructed  for 

this  case  in  Figures  25  and  2 6  agree  with  the  experimental  curve 
(the  dashed  line):  the  position  of  the  maxima  and  minima  basically 
agree,  and  the  number  of  diffraction  fringes  is  the  same.  For  the 
purpose  of  illustrating  the  effect  of  the  ends,  we  constructed  a  graph 
of  the  effective  scattering  area  for  those  same  values  of  ka  and  k l 

i 

taking  into  account  only  the  uniform  part  of  the  current  on  the 
cylindrical  surface  (Figure  27).  A  comparison  of  Figures  25,  26  and 
27  shows  that  the  effect  of  the  ends  begins  to  appear  when  ft  =  120°. 


Footnote  (1)  appears  on  page  89. 
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O  U3 


Figure  25.  Diagram  cf 
the  effective  scatter¬ 
ing  surface  for  a  finite 
y Under.  The  cane  of 
-polarization. 


Figure  26.  Diagram  of 
the  effective  scatter¬ 
ing  surface  for  a  finite 
cylinder.  The  cane  of 
H-polarization 


Figure  27.  The  effective  scattering  area 
of  the  lateral  surface  of  a  cylinder  in 
the  physical  optics  approach  [see  (13.26)]. 
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t 


\ 


p^ruMPpi|pi'fU,J«UPHl  hi  iniMi^ 


FOOTNOTES 


1.  on  page  86.  The  experimental  curves  shown  in  Figures  2 5  and  26 

and  also  those  in  Figures  31,  32,  65  and  71  were 
obtained  by  Ye.  M.  Mayzels  and  L.  S.  Chugunova. 
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(16.01) 


E  —  —  ^  (gr;t.l  Jiv  A  -f  *’ A).  j 

H  —  rot  A  | 


we  find  the  following  expression.',  for  the  fringing  field  in  the  wave 
zone  : 


£,  ~H¥-=ikAx. 
E?  —  —  Ht  ~  ikA, 


\  with  d  =  0 


(16.02) 


and 


£«=*—•//»  ss<*A„ 


} 


with  &  =  *• 


The  vector  potential  is  determined  by  the  equation 


(16.03) 


2»  /. 


A  -=y  ~-j[J j, (Cl e~*: '(a  - i sin m)dC  + 


*»  • 


•  + 1  J,  C>  e  fo» 9  (a  -  C  Sin  (I)  </C|  d',. 
a 


(16.04) 


Here  r  is  the  distance  from  the  discontinuity  to  the  observation 
point,  J^(t)  is  the  surface  current  density  flowing  on  the  irradiated 
side  of  the  body,  and  J2(c)  is  the  current  density  on  the  shadowed 
side.  The  upper  sign  In  the  exponents  refers  to  the  case  »  =  *,  and 
the  lower  sign  refers  to  the  case  &  =  0.  Since  the  nonuniform  part  of 
the  current  Is  concentrated  mainly  in  the  vicinity  of  the  discontin¬ 
uity,  the  vector  potential  corresponding  to  it  may  be  represented  In 
the  form 


m<r,  + 

i  o 

+{  J!  (C)e’ W 

0  ' 


(16.05) 


Obviously  the  nonuniform  part  of  the  current  near  the  discontin¬ 
uity  of  a  conical  surface  may  be  considered  to  be  approximately  the 
sane  as  on  a  corresponding  wedge  (Figure  29).  In  the  local  cylindri¬ 
cal  coordinate  system  r^ ,  <^,  z the  field  from  the  nonuniform  part 
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Let  us  introduce  the  designation 


(16.09) 


Equating  Expressions  (16.06)  and  (16.03),  we  find 


J  /  _ Cfi0r,to, 

■'*. —  i*2a  1  '  ~~  i*2«  *  • 


(16.10) 


The  components  Jz^  and  are  mutually  perpendicular,  and  when 
•=0  and  •=**  they  are  parallel  to  the  plane  xOy  (Figure  30).  The 
different  orientation  of  the  unit  vector  e^  when  »  =  0  and  *=«  is 
connected  with  the  fact  that  the  angle  is  measured  from  the  irrad¬ 
iated  face  of  the  wedge.  In  the  original  x,  y,  z  coordinate  system 
the  vector  J  has  the  components 


Jx  =  J.  sin  >  —  J  cos  ♦ ,  ) 

.  *■  .  ”,  with  »  =  0 

A  =  —  cos  ❖  —  I 


(16.11) 


J,  —  y^sin^-f  y,tcos<j>, 

J,  —  —  /^cost-fy^slnf 


■  with  ♦  — 


Substituting  Expressions  (16.10)  here,  we  obtain 


J*=*ik  sin  ♦  ■ -  ft>cos  tl. 

4  -  if.  \l'Eatt  (*)  COJ 1 4 -g'Hto,  (t)  *in  tl 


with  •  =»<> 


(16.12) 


(16.13) 


4  ~  T55T U'Eox,  < t)  si"  t  +  ^  (t)  cos  <j.|. 


4  =  “  Aifn  ctvs  t  A',/4,<«t>sintl  j 


Iwitn  ( 1 6 . 1  h  ) 


Now  identifying  t he  current  near  the  conical  surface  discontinuity 
with  the  current  on  the  wedge,  we  find  the  components  of  vector 
potential  (16.05) 
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Figure  30.  The  relative 
orientation  of  the 
unit  vectors  e^  and 

ez^  in  the  cases  *s=,o 

and  »»«. 


n 

•*K 

,?*,  V  Jl/'^K-k-os  f  f 

tl 

and 


j  with  #  =  «  (16.15) 


#3®r  ?r*  J  |/,AV  W sin  $ + 


A*  -  a 

^  *- "  ,4r  t  cos  ’>  * 

— (4-)  sinS<)<^. 


with  »-*•  (16.16) 


Furthermore,  let  the  plane  wave  be  polari2ed  in  such  a  way  that 
EQ|  |0x.  Then 


f 01.  (♦)  “  »'«  <f'  Wa»,  (4»)  -  -  COS  f 


(16.17) 


Considering  these  relationships  and  substituting  Expressions  (16,15) 
and  (16.16)  into  Equations  (16.02)  and  (16.03),  we  find  the  field 
from  the  nonuniform  part  of  the  current  which  is  caused  by  the 
circular  discontinuity  of  the  conical  surface 


F.ttrH,=  "Jf.  | 

=  0  j 


with  ®  =  0 


(16.18) 


and 

Equation  (16.18)  is  applicable  for  the  values  ()<»<  ~ , »< a  ,  and 
Equation  (16.19)  for  the  values  o<»<|  ,  .  in  the  case  of  a 


with  *»-*■ 


(16.10) 


9;f 
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diskj*--  -y  .  H  *),  the  field  t he  r.oriunl  form  part  of  the  current 

equals  zero  on  the  ?.  axis,  since  f 1  *  -g1  *  -1/2  when#—  fl  ,  and 
f*  *  g^  *  -1/2  when  *  .-«  [  c  ■;  t:e  (8.10  1. 

Using  the  res/'  s.,-  •'  •  •  I:  ■  In  the  following  sections, we 

will  calculate  •  «  it.  t  i  area  (In  the  direction  •  ==*  ) 

for  specific  1  dies.  »•  that  they  are  irradiated  by 

the  plane  wave 


r.  (16.20) 

and  their  linear  dimensions  are  lar.-e  In  comparison  with  the  wave¬ 
length. 


5  17.  A  '’one 


Let  a  cone  (Figure  28)  be  Irradiated  by  plane  electromagnetic 
wave  (16.20).  The  uniform  part  of  the  current  which  is  excited  on 
the  cone’s  surface  has  the  components 


4=xf»»cos“co*+e<** 

•  -  .  * 


(17.01) 


and  creates  in  the  direction  »  =  *  (with  R5>ka’,  £>*/*)  the  field 

E9  —  //,  =  0. 


Here  the  first  term  describes  the  spherical  wave  diverring  from  the 
vertex  of  the  cone,  and  the  remaining  terms  describe  the  spherical 
wave  from  Its  base. 


The  field  caused  by  the  discontinuity  of  the  surface  at  tne 
cone  base  is  a  spherical  wave,  and  is  determined  in  accordance  with. 
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(16.19)  by  the  expression 


5,  =  -//,^ 

£,  =  //,=<>, 

where 

+  (17.04) 

An  asymptotic  calculation  of  the  rigorous  diffraction  series 
for  a  semi-infinite  cone  [38-40]  shows  that  in  the  di rection  0  =  .t 
one  may  neglect  the  effect  of  the  nonuniform  part  of  the  current 
caused  by  the  conical  point.  Therefore,  summing  (17.02)  and  (17.03), 
we  obtain  the  following  expression  for  the  fringing  field: 

Et  =  -//»  =  -zr^tg'.o- 

+  ka— - 

eo#T_eo,_ 

Let  us  point  out  the  following  important  feature  of  the  resulting 
equation.  In  the  problems  which  were  investigated  in  the  previous 
chapters,  the  edge  waves  of  the  fringing  field  were  expressed  only 
in  terms  of  the  functions  f  and  g.  But  now  in  the  equation  for  the 
spherical  wave  from  the  cone's  base,  in  addition  to  the  term  which 
depends  on  f  and  g  [the  last  term  in  the  bracket  of  Equation  (17.05)1, 
there  is  an  additional  term  [term  in  Equation  (17.05)1 

which  does  not  depend  on  these  functions  and  is  determined  by  the 
uniform  part  of  the  current.  Therefore,  it  is  impossible  to  represent 
the  resulting  spherical  wave  from  the  cone's  base  only  in  terms  of 
the  functions  f  and  g  which  characterize  the  total  edge  wave  diagram 
from  the  corresponding  wedge  edge.  This  important  fact  was  not 
considered  in  [41,  44],  as  a  consequence  of  which  their  authors  did 


2*5?  ■ 


(17.05) 


-**«(*■+ V? 

\  co,7'cc,vi  } 


(17.03) 
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not  succeed  in  obtaining  correct  results  for  a  cone  with  an  arbitrary 
aperture  angle  m(0  <_  w  <_  ir/2). 

The  effective  scattering  area  in  accordance  with  (12.18)  is 
determined  by  the  equation 

*=«4|  E|*.  (17.06) 


where  the  function  Z  is  connected  with  the  fringing  field  by  the 
relationship 


E,  ~  —  H ~  — 


(17.07) 


\ 


and  equals 

i 

2  .  « 

.  nilnH 

S  =  <•  sin  */  e***  -j - s - 25-***'*  (17.08) 

cot  -  —cot  — 
n  *1 

The  analogous  function  in  the  physical  optics  approach  may  be  written 
in  accordance  with  (17.02)  in  the  form 


2°  as  |L  V  •  sin  ft/  e‘“  -  tg  •  (17.09) 

With  the  deforming  of  the  top  part  of  the  cone  into  a  disk 
•  -*  -j*.  t  Equations  (17. 08)  and  (17.09)  are  transformed,  respec¬ 
tively,  to  the  form 

Z—-lka- 
2 P^-ika. 

Furthermore,  it  follows  from  (17.08)  and  (17.09)  that  for  large 

2  0 

values  of  the  parameter  ka{ka  >>  tg  w)  the  functions  l  and  Z  may 
be  represented  in  the  form 


ctg-f.  ] 


(17.10) 


(17.11  ) 
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£°  =  tg  •  «*•*». 


(17.12) 


2  2 

Thus  even  in  the  case  of  short  waves  (  ka  >>  tg  w,  but  R  >>  kZ  ), 
our  Expression  (17.08)  does  not  change  Into  the  physical  optics 
equation,  but  substantially  differs  from  it  because 


s  ss  *a* 


(17.13) 


and 


(17.14 ) 


With  this 


) 


3  =  3° 


(17.15) 


that  is,  for  sufficiently  short  waves  (or  for  sufficiently  large 
dimensions  of  the  cone)  the  function  a  is  proportional  to  a0.  The 
coefficient  of  proportionality  here  does  not  depend  on  the  cone 
dimensions,  but  is  determined  only  by  its  shape. 


This  result  is  graphically  illustrated  by  the  curves  giving 
the  effective  scattering  area  of  a  cone  (w  *  10°25',  k  *  it,  n  *  90°) 
as  a  function  of  its  length  (Figure  31).  Whereas  our  equation  (the 
continuous  line)  is  in  satisfactory  agreement  with  the  results  of 
measurements  (the  small  crosses)^,  the  physical  optics  approach 
(the  dashed  line)  gives  values  which  are  smaller  than  the  experimental 
values  by  13-15  dB.  For  sharply  pointed  cones,  the  nonuniform  part  of 
the  current  has  an  especially  large  values.  In  Figure  32,  a  curve  is 
constructed  for  the  effective  surface  of  a  cone  (ka  =  2.75  it,  n  =  90°) 


Footnote  (1)  appears  on  page  113. 
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Figure  31*  The  effective  scatter¬ 
ing  area  of  a  finite  cone  as  a 
function  of  its  length.  The 
function  3  (the  continuous  line) 
was  calculated  on  the  basis  of 
equation  (17.06)  which  con¬ 
siders  the  nonuniform  part  of 
the  current  in  the  vicinity  of 
the  circular  discontinuity. 

The  function  (the  dashed 

line)  corresponds  to  the  physi¬ 
cal  optics  approach. 


with  its  deformation  into  a.  disk 
(m  *  90°).  The  discrepancy,  be¬ 
tween  our  curve  and  the  physical 
optics  approach  here  reaches 
almost  30  dB  when  u  *  2° . 

Expression  (17.08)  obtained 
by  us  also  allows  one,  in  con¬ 
trast  to  the  physical  optics 
approach  (17.09)»  to  evaluate 
the  role  of  the  shape  of  the 
shadowed  part  of  the  body  and 
shows  that  the  reflected  signal 
will  be  larger,  the  closer  this 
shape  is  to  a  funnel-shaped  form 
(ft  *  it  -  w).  Thus,  for  example, 
in  the  case  u>  *  10°,  ki  *  10  r 
(k  »  n)  the  signal  reflected  by 
the  cone  may  exceed  by  15  dB  the 
value  corresponding  to  physical 
optics  (see  Figure  33)  if  ft  « 
170°. 


Let  us  note  that  our  Expression  (17.13)  is  equivalent  to  the 
expression  presented  in  the  above-mentioned  papers  [4l,  M],  However, 
the  latter  expression  Is  applicable  only  for  sharply  pointed  cones, 
whereas  we  have,  in  addition  to  (17.13),  Equation  (17.08)  which  is 
suitable  for  cones  with  any  aperture  angle  w  (  0 


The  calculation  method  discussed  may  be  generalized  in  the  ease 
of  asymmetric  irradiation  cf  the  cone.  However,  with  asymmetric 
irradiation,  generally  speaking,  it  is  necessary  to  take  into  account 
the  nonuniform  part  of  the  current  caused  by  the  point  of  the  cone. 


In  concluding  this  section,  let  us  calculate  the  effective 
scattering  area  for  a  body  which  is  formed  by  rotation  around  the 


\ 

\ 


\. 

V 

V 


Figure  32.  The  effective  scattering  area  of  a  finite  cone 
as  a  function  of  the  vertex  angle. 


Figure  33.  The  effective  scatter¬ 
ing  area  of  a  finite  cone  as  a 
function  of  the  shape  of  the 
shaded  part. 


2  axis  cf  the  plane  figure  shown 
in  Figure  3^.  Integrating  the 
uniform  part  of  the  current,  it  is 
not  difficult  to  show  that  the 
field  scattered  in  the  direction 
by  the  lateral  surface  of  the 
truncated  cone  (Figure  35)  is 
determined  by  the  equation 

Et  -  -  Hy  -  E„  •  [  —  (Jk  «gs  -I-  tg  e5  *'1  + 


e'»  R 

(17.16) 
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of 


Figure  3^-  The  generatrix 
the  surface  of  rotation. 


Figure  35-  The  generatrix  of 
of  a  truncated  conical  surface 


Summing  this  expressing  with  (17*02),  where  the  quantities  l  and  a 
must  be  replaced  by  l ^  and  a^,  we  find  the  field  from  the  uniform 
part  of  the  current  flowing  on  the  entire  illuminated  side  of  the 
body 


■Em  s=s  —  Ht  =  —  tg* •  sin  kl,  e‘*  -  «g-  *"**• + 

‘8’-. si"  «.^+(l-2  }  IT  • 


(17.17) 


The  field  radiated  by  the  nonuniform  part  of  the  current  is 
determined  in  accordance  with  i  16  by  the  equation 

_  17 

*4-j  4'— 

I  \  cos  -  —  cos 
I.  '  rtl 


(17.18) 


where 


„  _  i  _i  “  —  **i  _  _t  I  -<  +  a 

n,  —  1-1 - -  -  ,  /i,  —  I  — f — • 


(17.19) 


Now  summing  (17.17)  and  (17.18),  we  obtain  a  refined  expression 
for  the  field  scattered  in  the  direction  (1=^* 


^  tg’ «  sin  kltelkl‘  + 


(17. "0) 

(Equation  continued  on  n^xt  pare. 
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i  X 

~~  sin  - 
n\ 


hco*  e^h  **>  tgS  Sin  kl‘e‘kU  +  *"*-»* 


3  * 

-  ;r  5,0  — 

I  nt 

'  a,  S  sST  e 

cos  —  —CO* — * 


_ "! _ +  /,)  \  «'**  . 


(17.20) 


Consequently,  the  effeetive  scattering  urea  will  equal 


<j=3«r 


•  I  -sin- 

ra>  j ia,  *S*  ■ «  si"  klltlu>  -f - .Jill* 


CO*  —  —  co*  — 
"I  »I 

3  it 

— sin  ~~ 


1  *.  * 

tg*11*,  sir  ,+*t  "»  "»  *<*(/, +/j 

1  «  2u, 

COS  - —  cos  — 

»l  »l 


(17.21) 


In  the  physical  optics  approach,  the  analogous  quantity  equals 


T| *i-  •  s-n  kt^"-  -  «g ce5**'.  + 

+[—  lg'»,  sin  (l  -  ft  eaw’)  tg,.,]  e*"’  [’ 


(17.22) 


When  the  top  part  of  the  cone  Is  deformed  Into  ,Wf..i,Uo] 
Equations  (17.21)  and  (17.22)  take  the  form  1  7  '  J 

1  ”  - ,'ta>  --  27  c|s.7  +4  lg'».  sin  «,«"•+ 


2  R 

“  sin  — 

■4_at  " »  2? _  J. 

'  o»  s  *  2m.  e 

COS  —  cos  — - 

<ti  n,  x 


(17.23) 


*»?  j  ~  i*a,  -f  ^  tg*  u>,  sin  A,/.e,w'  -f 

-K’-s^oh'- 


(17.2d) 


scatters  t^SSe  ««-esslo„s  assuming  .  .  0,  we  find  the  effective 

scattering  area  for  a  finite  cylinder 
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s  —  ■sa, 


2  « 

I  .  ~  .  ?<*/, 

,ka>~„  cig  +  -  -e 

COS  ~  I 


(17.25) 


s*  - 


(17.20 


In  connection  with  which 


3  ,  .  0 

n»  —  -£  •  wi  =  1  *b  ,■  < 


(17.27) 


Equation  (17.25)  is  more  precise  than  Equation  (15. 06)  which 
was  derived  in  5  15,  where  the  value  of  the  field  in  the  direction 
was  taken  in  the  physical  optics  approach. 

5  18.  A  Paraboloid  of  Rotation 


Let  us  calculate  the  effective  scattering  area  of  a  paraboloid 

p 

of  rotation  r  -  2pz  (Figure  36)  which  is  irradiated  by  plane  wave 
(16.20).  The  uniform  part  of  the  current  excited  on  the  paraboloid's 
surface  has  the  components 

C  =  0’  (18.01) 

l*  =  y.  Ett  ■  cos  a  cos  f  e'*'. 


Integrating  this  current,  it  is  not  difficult  to  show  that  in  the 
direction  0  -  *  it  radiates  the  field 


=  0.  J 


(18.02) 


Here  a  is  the  radius  of  the  base  of  the  paraboloid;  /  =  £  ctg ,0  is 

its  length;  a  is  the  angle  between  the  z  3xis  and  the  tangent  to  thc- 
generatrix  of  the  paraboloid  (r  ■  2pz  ).  At  the  point  z  =  1,  the 


angle  a  takes  the  value  *  =  •  ^tg«—  J’-'j  . 
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C: 


Figure  3c.  Dif fraction 
°f  a  plane  wave  tv-  ^ 
paraboloid  of  rotation. 


Tht‘  rielli  From  t fie  hcnuntf „rr;  part 

of  the  current  caused  by  the  d I scant i naf ty 

°f  „the  paratolcici’:;  surface  Is  determined 

by  Equatlon  (17.03).  The  field  from  the 

f.ununi4or.r.  part  of  the  current  which  in 

caused  by  the  snoot n  curve  of  the  para- 

bolcii's  surface  e1Uals  zero  in  the  case 

of  symmetric  radiation  [*$].  Therefore 

surmiru,  (13.02)  and  (17.03)  v,e  find  the’ 

expression  for  the  rP-i. 

ie  re^uitinm  fnnrlncr 

field. 


fg«  + 


*  n  / 


(18.03) 


Consequently,  the  effect tuo  . 

-H  be  determined  by 


I  --  Si  -- 

3  «a*  tg  >•  -f.  -  ...  ?-*< 

I  cosn--cos- 


(IS. OH) 


which,  when  the  paraboloid  i  .->  ,  ,  r 

const )  i,  \ U  io  de'or:r:ed  ^  a  disk  /-o.  q 

j  »  1-  transformed  tc  the  form  V 


s  =..  !  ika  -j~  ^ctg 


Comparing  Expression  (18. oil)  with  th 


e  equation 


(18.0-3) 


s’  ---  r.a‘  tg*  in  1 1 _ e:iw  j*. 


(18.06) 


which  physical  optics  gives  for  the  effective  ,CntterW 

see  that  they  differ  significantly  'mm  ^  *  *  area»  We 

th°  osoUUtlng  character  of  the  fu^tlo #f  321> 

lUHotbon  a  draws  our  attention: 
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the  reflected  .signal  equal::  aero  !  f  a  whole  number  of  half-wave.: 
Il-j#,  »r  fitted  ir.ta  the  length  of  the  parah  c  1c  !  ri ,  and 

it  takes  a  maximum  value  If  a  ha  If- Integral  number  of  hnJ  f- waves 
=  2  2  )  •  n  2.  3  .  . .)  I;-,  contained  In  this  length. 

A  calculation  performed  by  us  on  the  basic  of  liquation  (15.04) 
for  paraboloids  with  the  parameters,  ft  =  90°,  tgu  *  0.1  (k  =  m)  shows 
(Figure  37)  that,  although  the  oscillating  character  cf  the  effective 
scattering  area  is  preserved,  the  amplitude  of  the  oscillations  is 
only  2  dB,  and  the  maximum  values  of  the  function  a  exceed  the  corres¬ 
ponding:  valuer  in  the  physical  optics  approach  by  almost  13  dB.  A 
still  stronger  divergence  between  the  results  of  our  theory  and 
physical  optics  is  detected  when  the  paraboloid  is  deformed  into  a 
disk  (Figure  36,  ka  »  5"  ,  k  *  it,  ft  *  90°,  u  ■*  90°). 


Figure  37.  The  effective  scattering  area  of  a  finite 
paraboloid  as  a  function  of  its  length  with  a  constant 
value  of  the  angle  u  (tgw  =  0.1).  The  diameter  of  the 
base  varies. 
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Figure  39.  The  effective  scatter¬ 
ing  area  of  a  finite  paraboloid 
as  a  function  of  the  shape  of 
the  shaded  part. 

part  of  the  current  which  flows  on 
2 

paraboloid  r  *  2pz(p  *  a^gu^  *  a 
by  the  equation 


In  concluding  this  section, 
let  us  dwell  for  a  moment  on 
the  question  of  calculating  the 
effective  scattering  area  for 
bodies  of  rotation  of  a  complex 
shape,  whose  elements  are  the 
lateral  surfaces  of  truncated 
paraboloids.  The  field  from  the 
nonuniform  part  of  the  current 
arising  in  the  vicinity  of 
circular  discontinuities  may  be 
determined  without  difficulty 
from  Equation  (17.03).  The  field 
from  the  uniform  part  of  the 
current  is  found  by  quadratures. 
Thus,  the  field  being  created  in 
the  direction  »=<=  by  the  uniform 
the  lateral  surface  of  the  truncated 
tguij;  see  Figure  40)  Is  determined 


Here 


I  ...  e*** 

(<T,t  If  «,  •-  M,  C-- *'•  )  t-lH*  — g-. 

e,  =  h.~  a 


(18.07) 


i 

**i) 


(18.08) 


Is  the  height  of  the  truncated  paraboloid  (the  distance  between  Its 
bases).  Let  us  note  that  Equation  (18.07)  is  a  simple  algebraic 
corollary  of  Expression  (18.02):  it  is  the  difference  of  the  fields 

scattered,  respectively,  by  the  paraboloid  of  height  l, +  l,~  and 

0^  * 
by  the  paraboloid  of  height  /,  =  _L.  . 


Figure  40.  The  generatrix  of 
the  lateral  surface  of  a 
truncated  paraboloid  of 
rotation. 


§  19.  A  Spherical  Surface 


Incident  wave  (16.20)  excites  a 
surface  current  on  the  surface  of  an 
.ideally  conducting  sphere  (a  radius  of 
0  and  a  center  on  the  z  axis  at  the 
point  z  =  p).  The  uniform  part  of 
this  current  has  the  components 


£  =  cos  GefM. 

l'l  =-  ®  cos 


(19.01) 


The  currents  flowing  on  a  spherical  ring  cut  from  the  sphere's 
surface  by  the  planes  z  •  and  z  •  *  l ^  (Figure  4l)  create,  in 

the  direction  *>  = »  ,  the  field 


-  H.  -  e„  [  -  if -  4)  e*‘  + 


£,  =  //,=  0. 


(19.02) 


where 


/,  =  P(1  —  sin®,).  \ 

—  p(sin<o,  —  sin®,);  / 


(19.03) 


p  — . 

r  cos  cos<*, 


(19.04) 


Here  a^  is  the  radius  of  the  first  cross  section;  a.,  is  the  radius 
of  the  second  cross  section;  w^(o7. )  is  the  angle  between  the  z  axis 
and  the  tangent  to  tiie  meridian  at  the  point  s  =  L^(  z0  =  +  i ,, ) . 

Furthermore,  assuming  in  Equation  (19.02)  <»,  -  “  (■«,  = const) ,  we 
obtain  in  the  physical  optics  approach  an  expression  for  the  field 
scattered  by  the  spherical  segment  (Firure  4?) 
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Figure  4l.  A  ring  cut  from  the 
surface  of  its  sphere  by  the 
planes  z  *  and  z  ■  +  l 2< 


y 


Figure  42.  A  spherical  segment 
with  a  conically  shaped  base. 

£ .  =  H,;  - 

+(?*«— a)'”1 14'-  (19-05) 


Here  we  used  the  new  designations 


l  —  —  sin«). 


(19.06) 


Equations  (19.02)  and  (19.05)  are  simplified  if  ka1  >>  1  and 
ka2  >>  1.  Thus,  the  field  from  the  spherical  ring  will  equal 


(19.07) 


and  the  field  from  the  spherical  segment  will  equal 


(sec  <»—  tg  u>  e=‘*')-i 


If  here  one  assumes  w  *  0,  then  equation 


(19.08) 


(19.09) 


gives  us  the  field  scattered  by  a  hemisphere.  The  value  of  the 
effective  scattering  area  corresponding  to  it  will  equal,  in 
accordance  with  (17.06), 

o»  =  ira*.  (19.10) 
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Now  let  us  find  the  field  scattered  by  the  spherical  segment 
considering  the  discontinuity  of  the  surface;  one  may  neglect  the 
perturbation  of  the  current,  as  a  consequence  of  the  smooth  curve  of 
the  surface  if  ka  >>  1  [7*0.  The  nonuniform  part  of  the  current 
which  is  caused  by  the  discontinuity  creates  in  the  direction  $=»>* 
the  field  (17.03).  Summing  the  latter  with  the  field  (19.08),  we 
find  the  desired  field 


(2  *  v 

_  j _ | _ "  >>n  n  ,1H  |  t,k* 

CM-t*  *  2«e  /  jf  ’ 

cos-  -cos  -  ) 


(19.11) 


Consequently,  the  effective  scattering  area  of  a  spherical  segment 
will  equal 


»=*a*  — —  -f— 

cos  u  1 


(19.12) 


.  ,  i» +a 

«=  H — ~ 


In  the  physical  optics  approach,  a  similar  quantity  is  determined 
by  field  (19-08)  and  equals 


s*— s a*  - tguie"*,|  . 

cos »  **  I 


(19.13) 


With  the  deforming  of  the  spherical  surface  into  a  disk 

Q==constJ  }  Equations  (19.12)  and  (19.13)  are  transformed, 
respectively,  to  the  form 

9=w*’J/Aa-|~Ictg£|\ 
o*  (i'al*. 

It  follows  from  Equations  (19.12)  and  (19.13)  that  the  effective 
scattering  area  of  a  spherical  segment  is  an  oscillating  function  of 
its  length.  The  oscillation  period  equals  4-  Numerical  calculations 
performed  on  the  basis  of  these  equations  showed  (Figure  *13)  that, 
with  small  angles  of  the  discontinuity  (R  =  1(5°),  one  may  still 
neglect  the  field  from  the  nonuniform  part  of  the  current.  In  Figure 
****,  graphs  are  constructed  for  the  effective  scattering  area  of  a 
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Figure  43.  The  effective  scatter¬ 
ing  area  of  a  spherical  segment 
as  a  function  of  its  length  with 
a  constant  radius  of  the  base. 

The  function  o  (the  continuous 
line)  is  calculated  on  the  basis 
of  Equation  (19.12)  which  con¬ 
siders  the  nonuniform  part  of 
the  current  near  the  discontin¬ 
uity.  The  function  o°  (the 
dashed  line)  is  calculated  from 
Equation  (19.13),  and  corres¬ 
ponds  to  the  physical  optics 
approach. 


Figure  44.  A  comparison  of  the 
effective  scattering  area  of 
a  spherical  segment  (continuous 
line)  and  a  finite  cone  (dashed 
line)  which  have  the  same  bases. 


spherical  segment  and  a  finite 
cone  (the  dashed  curve)  which 
have  the  same  diameter  and  base 
shape . 


*»•*«* 


The  results  obtained  in  this  Chapter  show  that  the  reflected 
signal  depends  substantially  on  the  shape  of  the  shaded  part  of  the 
body,  and  increases  with  an  increase  of  the  concavity.  However, 
since  the  nonuniform  part  of  the  current  is  concentrated  mainly  near 
the  discontinuity,  that  part  of  the  shaded  surface  which  is  several 
wavelengths  away  from  the  discontinuity  evidently  will  not  have  a 
noticeable  effect  on  the  reflected  signal  and  may  be  an  arbitrary 
shape . 


\ 


\ 
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It  is  interesting  that  our  expressions,  which  agree  satisfactor¬ 
ily  with  experiments,  even  with  large  (in  comparison  with  the  wave¬ 
lengths)  dimensions  of  the  bodies,  do  not  change  into  the  physical 
optics  equations,  but  differ  from  them  substantially.  At  the  same 
time,  physical  optics,  contrary  to  the  widely  held  opinion  concerning 
its  reliability  in  such  cases,  leads  to  a  significant  discrepancy  with 
experiments. 

The  method  used  in  tl&s  Chapter  allows  one  to  calculate  the 
effective  scattering  area  associated  with  the  symmetric  irradiation 
of  any  convex  body  of  rotation,  the  surface  of  which  has  circular 
discontinuities.  It  may  also  be  generalized  to  the  case  of  asymmetric 
irradiation.  However,  when  doing  this  it  is  necessary  to  take  into 
account  the  nonuniform  part  of  the  current  caused  by  the  point  and 
the  smooth  curve  of  the  surface. 
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FOOTNOTES 


|pyi(|ipiiii{ni!i  i.  - 


1.  on  page  98.  See  footnote  on  page  86. 
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CHAPTER  V 


SECONDARY  DIFFRACTION 


In  the  previous  chapters,  an  approximate  solution  of  diffraction 
problems  was  carried  out  which  was  based  on  the  representation  of  the 
fringing  field  in  the  form  of  the  sum  of  the  fields  from  the  uniform 
and  nonuniform  parts  of  the  surface  current.  The  first  field  was 
found  by  quadratures,  and  the  second  field  by  approximation;  it  was 
assumed  that  the  nonuniform  part  of  the  current  near  the  discontinuity 
(edge)  of  a  surface  is  the  same  as  on  a  corresponding  wedge. 

However,  the  fields  found  by  such  a  method  are  actually  the 
fields  from  the  currents  flowing,  not  only  on  the  flat  and  curved 
parts  of  the  body's  surface,  but  also  to  some  extent  on  the  geometric 
extension  of  these  sections.  The  error  in  the  expressions  for  the 
fringing  field  which  is  thus  introduced  is  most  significant  with  a 
glancing  incident  wave,  when  the  edge  zone  occupied  by  the  nonuniform 
part  of  the  current  is  noticeably  broadened,  and  also  with  a  glancing 
radiation,  when  the  direction  to  the  observation  point  forms  a  small 
angle  with  the  given  section  of  the  surface.  In  these  cases,  the 
results  obtained  earlier  are  in  need  of  substantial  corrections.  We 
already  talked  about  this  briefly  In  §  6  and  §  12. 


Por  the  purpose  of  refining  the  solutions  which  were  found 
previously,  it  is  necessary  to  assume  that  in  actuality  the  currents 
flow  only  on  the  body’s  surface,  and  that  a  wave  travelling  from  one 
edge  to  the  other  will  undergo  a  perturbation  at  the  latter.  The  pro¬ 
cess  of  forming  the  fringing  field  when  this  occurs  may  be  investigated 
in  the  following  way.  The  edge  wave  propagated  from  one  of  the  edges 
is  diffracted  by  the  other  edges;  the  waves  arising  with  this  in  turn 
are  diffracted  by  adjacent  edges,  etc.  In  this  chapter,  we  will 
investigate  the  case  when  the  dimensions  of  the  surface  faces  are  so 
large  in  comparison  with  the  wavelength  that  it  is  sufficient  to  limit 
oneself  to  considering  the  diffraction  of  only  the  primary  edge  waves. 
This  phenomenon  we  shall  call  secondary  diffraction. 

In  this  chapter,  secondary  diffraction  by  an  infinitely  long 
strip  (5  20  -  S  23)  and  by  a  circular  disk  (S  24)  Is  studied.  The 
solution  of  these  problems  may  be  obtained  by  means  of  the  principle 
of  duality  from  the  solution  of  the  diffraction  problems  for  an 
infinite  slit  and  a  circular  hole  in  a  flat,  ideally  conducting  screen. 

In  the  latter  case,  the  physical  treatment  of  diffraction  of  edge 
waves  is  significantly  simpler;  it  is  exactly  for  this  reason,  therefore, 
that  almost  all  diffraction  studies  of  edge  waves  are  related  to  holes 
in  a  plane  screen.  However,  we  will  not  take  such  a  path,  but  we 
shall  Investigate  a  strip  and  a  disk  directly.  This  approach  has  the 
advantage  that  it  is  easily  generalized  to  the  case  of  three- 
dimensional  bodies. 

§  20.  Secondary  Diffraction  by  a  Strip. 

-  Formulation  of  the  Problem. 

Let  an  infinitely  thin,  ideally  conducting  strip  of  width  2a  and 
unlimited  length  be  orientated  In  space  as  shown  in  Figure  45.  A 
plane  electromagnetic  wave  Incident  normal  to  the  strip’s  edges  is 
directed  at  an  angle  a  to  the  plane  xoz  and  has  the  following  form: 

£__£  ei*  <»«»•  +  ||  _  ||  ei*t«  fO»«  ♦  » »li»  art  (20.01) 
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Figure  45.  The  transverse  cross 
section  of  a  strip  with  the 
plane  xoy,  x  *  0,  y  *  a  and 
x  »  0,  y  *  -a  are  the  coordi¬ 
nates  of  the  strip's  edge;  n  is 
the  normal  to  the  incident  plane 
wave  front . 


In  §  6  approximation  expres¬ 
sions  were  found  for  the  fringing 
field  in  the  far  zone  which  did 
not  consider  the  interaction  of 
the  edges.  In  the  case  of  E- 
polarization  of  the  incident  wave 
(E.II  Oi)  ,  these  expressions  may  be 
represented  in  the  form 

E,  =*  -  =  E„  1/  ( 1 )  e‘*“  + 

'(*,  +  r) 

0. 

(20.02) 

and  in  the  case  of  H-polarization 


Ht  **>  £f  =  H„  lg  (1)  ttlka  <•'"  •  ~  "  + 

‘  (*r+-r) 

«•-  <in;h  « _ 


+  «(2)e 


-  ikm  (4f«i « 


_ 


I 


(20.03) 


Let  us  recall  that  the  functions  f  and  g  included  here  are  determined 
in  the  region  |?|<y  (when  |a|<~)  by  the  following  relationships: 

«+•  a —  f  «  +  •  a —  • 

co*  — j - *Ib  — 2 —  cos  — g-1  +  5in  ~ 2~ 

/(^)  sins  —  stay  '  •  f  ft)  sin  a  —  sinf  ’  (20.04  ) 


g{  l)=-/(2),  g(  2>=  —/(!>- 


(20.05) 


The  first  terms  In  Equations  (20.02)  and  (20.03)  describe  cylin¬ 
drical  waves  diverging  from  edge  1  (y  =  a),  and  the  second  terms 
describe  the  cylindrical  waves  diverging  from  edge  2  (y  =  -a).  The 
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nonuniform  part  of  the  current  on  each  side  of  the  strip  also  has  the 
form  of  waves  which  diverge  from  edges  1  and  2,  and  are  an  "analytical 
extension”  of  the  corresponding  terms  in  Equations  (20.02)  and  (20.03)* 
The  current  wave  encountering  the  opposite  edge  is  reflected  from  it. 

Or  else  one  may  say  that  each  of  the  cylindrical  waves  propagated  from 
edge  1  or  2  undergoes  diffraction  by  the  opposite  edge  (secondary 
diffraction) . 

If  the  strip’s  width  is  sufficiently  large  in  comparison  with 
the  wavelength,  then  one  may  approximately  assume  that  the  oncoming 
current  wave  near  the  strip's  edge  will  be  the  same  as  on  a  corre¬ 
sponding  half-plane  excited  by  a  linear  source,  the  moment  of  which 
is  selected  in  a  definite  way.  It  is  also  obvious  that  the  current 
waves  reflected  from  the  edge  will  also  coincide.  Consequently,  the 
problem  of  secondary  diffraction  by  a  strip  may  be  reduced  to  the 
problem  of  the  diffraction  of  a  cylindrical  wave  by  a  half-plane. 

~  The  field  created  at  the  point  P  by  a  current  filament  parallel 
to  the  half-plane’s  edge  and  passing  through  the  point  Q  (Figure  46) 
may  be  found  by  means  of  the  reciprocity  principle.  In  the  case  of 
E-polarization,  it  is  determined  by  the  relationship 


£.=  £-£,«?). 

p%» 


(20.06) 


and  in  the  case  of  H-polarization 


"*** 


(20.07) 


Here  p  (m  )  is  the  electric  (magnetic)  moment  of  the  current  fila- 
z  z 

ment  passing  through  the  q;  p  (m  )  Is  the  moment  of  the  auxiliary 

o  z  o  z 

current  filament  passing  through  the  point  P  with  the  coordinates 
(♦",  R),  and  Hz  (Q)  or  Ez  (Q)  is  the  field  created  by  the  auxiliary 
filament  at  the  point  Q. 


Now  let  us  remove  the  auxiliary  current  filament  to  such  a 
distance  that  the  cylindrical  wave  arriving  from  it  may  be  considered 


FTD-HC-2 3- 259-71 


116a 


Figure  46.  Diffraction  of  a 

cylindrical  wave  by  a  half-plane. 
Q  is  the  source,  Q*  is  the 
mirror  image  of  the  source, 
and  P  is  the  observation  point. 


to  be  a  plane  wave  on  the  section 
from  the  edge  of  the  half-plane 
to  the  point  Q.  In  this  case,  in 
accordance  with  §  1  and  §  2  the 
field  created  by  it  at  the  point 
Q  will  equal 

Et  (Q)  =  E„  (0)  [u  {d,  <?'  -  *") -u(d,9'  +  r)l  \ 

Hi  (Q)  =  H„  (0)  | u  (d.  9-  -  9")  +  u  (d,  9'+?")).  I 

(20.08) 

The  functions  u  introduced  here 
are  determined  (for  the  values 
0<9"<*)  by  the  equations 


hwcoi5—’  \ 


«(<*.* ,5-=r  xf  e;°'d?+ 

y«  J . 

+{;' 

4 

u  {d,  i  -+-  9")  =  e 


e,M  *“  <,,-?"'w  ith  0  <  1  <  *  +  r 
with  *  +  ¥’<?< 2*. 
.  -ij 

7T  xj 

_ 


+(  e~iM co* <f* +,M wit h0 <?<*  —  ? 

.  >  0  with  *  —  ?"<?'< 2*. 


(20.09) 


and  the  quantities  E  (0)  and  H  (0)  are  the  values  of  the  primary 

z  z 

field  created  by  the  auxiliary  filament  at  points  corresponding  to 
the  half-plane's  edge.  In  accordance  with  Equations  (1.21)  and  (1.22), 
this  field  may  be  represented  when  kR  >>  1  in  the  form 


(0)  J/  *1  ) 

0-  ,(*«-£,  f 

H,i (0)=  *fc’w,2  j/  ■  •.  j  (20.10) 
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Consequently,  an  electric  current  filament  located  above  an 
Ideally  conducting  half-plane  excites,  at  the  point  P,  the  field 


E,  ==  ik'p,  I II  ((/.  i  —  f")  -  II  (rf.  <f'  4-  ?"))  y  ~  e 


(20.11) 


and  a  magnetic  current  filament  excites,  at  the  point  P,  the  field 


!■«(</,  ?’-r?")i  Y  *Se  '  '  (20.12) 

It  Is  easy  to  see  that  the  exponent  e'*l» -*»••<?  ?"'i  in  these  expressions 
corresponds  to  the  primary  cylindrical  wave  arriving  at  the  observa¬ 
tion  point  P,  and  the  exponent  corresponds  to  the  reflec¬ 

ted  cylindrical  wave. 


The  moments  m  and  p  must  be  selected  in  such  a  way  that  in 
the  direction  4"  3  if  (Figure  iJfi)  the  filament  would  create  a  field 
equal  to  the  field  of  the  primary  edge  wave  above  an  infinite,  ideally 
conducting  plane.  We  will  conclude  these  calculations  in  the  follow¬ 
ing  sections,  but  for  now  let  us  make  still  one  other  comment  on  tne 
formulation  of  the  problem. 

In  the  previous  chapters  it  was  shown  that  the  scattering  object 
may  be  approximated  by  a  series  cf  sources  —  "luminous"  lines  and 
points.  Therefore,  the  problem  of  secondary  diffraction  may  be  formu¬ 
lated  as  a  problem  of  searching  for  functions  which  describe  the 
continuous  change  of  the  field  of  each  such  scarce  during  the  passage 
through  the  boundary  of  the  light  and  shadow  corresponding  to  the 
source . 


Secondary  Diffraction 


(H- Polarization) 


A  current  f' lament  with  the  moment  m.,  which  *s  positioned  above 
an  ideally  conducting  plane  (h  =  0,  Figure  ^6)  creates  in  space  the 
field 
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/ 


H,  'km, 2r.nH' 


(.’I  .01  ) 


1*’:  i  r*  from  the  fl  lament  (wlion  kHj  >>  1),  thl;;  field  t;;  described  by  t  h< 
aaymptot  le  expre;;;;  1  on 


H,  Hk’m, 


(.’l.o.”) 


y 

Hut  t. hr  primary  ed.ro  wavo  In  the  direction  <f> **  *  n  take;;  the  vain*' 


{"•'I) 


(,’i.on 


whore  II  (^)  l:s  I. In'  field  id*  the  Ineldent  plane  wave  at  the  point 

i  '  i* 

(’(i,')  1. 15  the  value  of  the  angular  function  o f  the  primary  e.vllndrloal 
wave  In  the  direction  toward;',  the  opposite  edf-'o  of  the  at  rip.  K. ni.it  - 
l np  Kxprenr.  Iona  (.'1.0.'’)  and  (,’l.Oi',  we  find  the  filament';;  moment., 
the  field  of  which  wo  uao  to  approx  I  mate.  the  primary  odtfo  wave.  In 
the  form 


m. 


,  J*.  //..(Q)tMQt 


(.’1  .o)i ) 


Ac.  a  remit,  the  field  created  by  the  filament;;  located  above 
the  half-plane  — and  corre;:pnndlni'  to  ed^e  1  (K I  cure  «'i  ,*  t  may¬ 
be  repivaent.ed  for  ref.  I  on  tn  the  form 


//.<!>  +  //,“(1) 


l.’  1  •  .0  * »  1 


The  fund  Ion 


0  kar 


(M) 


//.* o>  ;  //.,c(n  -  T  ”, . . . 


t l .  0(>  l 


doncrlbe:;  t  hi'  wave  radiated  by  the  r.ouree  m^  ,,  and  the  fund  lot; 


KTl’-Hi*-.*  i-.’V.'i-y  1 


_  «~(W) 

W7(l)=  ~Hilg  (t>  x  j  e‘%  *4- 

Oft 

-  S***) 

+  rf«<(1»W‘“" - (21.07) 


describes  the  wave  radiated  by 

the  source  m7  .  The  sum  of  these 
lz 


Figure  m.  The  problem  of 
secondary  diffraction  by  a 
strip. 

m*z  and  m^z  are  the  sources , 

the  fields  of  which  are  used 
when  approximating  the  primary 
edge  wave  being  propagated  from 
edge  1  (y  *  a); 

m^  and  m^z  are  the  sources, 

the  fields  from  which  are  used 
when  approximating  the  primary 
wave  from  edge  2  (y  »  -a). 


waves  equals 


H,(\ )^~H,i(\)X  j  "4'+ 


'(*♦-?) 


i*u  |*in  i  tin  c) 


(21.08) 


The  first  term  in  this  expression  is  the  desired  secondary  wave  from 
edge  2,  and  the  second  term  is'  the  field  radiated  by  the  filament 
which  is  loacted  above  the  ideally  conducting  plane  x  =  0  and  has  the 
moment 


(21.00) 


where 


*<!)  = 


(21.10) 
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'  \ 


J 


\ 


Summing  the  secondary  wave  which  has  been  found  with  the  unper¬ 
turbed  primary  wave  from  edge  1;  we  obtain 


'  V*-t) 


(21.11) 


This  expression  reduces  to  zero  if  one  assumes  $  *  -  it/2;  consequently, 
the  secondary  diffraction  eliminates  the  field  discontinuities  which 
occurred  in  the  previous  approximation  when  $  *  -  ir/2.  However,  in 
the  direction  $  *  ir/2  the  field  (21.11)  is  different  from  zero.  Since 
H  is  an  odd  function  of  the  x  coordinate,  the  relationship 

means  that  the  fringing  field  components  H  and  E*  will 

2  Z  t 

undergo  a  discontinuity  with  a  transition  through  the  direction 
♦  3  ir/2.  The  reason  for  such  a  Jump,  as  before,  is  that  in  our  calcu¬ 
lations  the  plane  x  =*  0  is  a  plane  of  currents.  By  finding  the 
secondary  wave  from  edge  2,  we  actually  considered  that  the  diffrac¬ 
tion  takes  place  not  on  the  edge  of  a  finite  width  strip,  but  on  the 
edge  of  an  ideally  conducting  half-plane  —  a<y<° o  . 


Again  the  resulting  discontinuity  has  an  order  of  magnitude  of 
ViayHr  •  is  clear  that  one  may  completely  eliminate  the  field 
discontinuities  only  with  consideration  of  multiple  diffraction. 
However,  the  calculation  of  fields  arising  with  multiple  diffraction 
requires  specific  consideration  of  the  following  terms  in  order  of 
smallness  in  the  expansion  of  the  primary  edge  in  inverse  powers  of 
*‘r*'r  (see,  for  example,  [46]).  All  this  greatly  complicates  the  cal¬ 
culations.  Therefore,  we,  using  the  condition  ka  >>  1,  will  limit 
ourselves  to  an  investigation  of  secondary  diffraction,  and  in  order 
to  eliminate  the  discontinuities  in  the  plane  x  =  0,  we  will  proceed 
in  the  following  way. 
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Let  us  consider  the  quantity  g(l)  in  the  Expression  (21.11)  to 
be  a  function  of  the  angle  $  [see  Equation  (20.05)],  that  is,  let  us 
replace  g(l)  by  the  function  g(l).  In  this  case  the  equation 


Ht(  1-2)  = 

=«..  -f  SCI)  X  f  '■«+ 

•  (21-12) 

will  give  qualitatively  correct  results  not  only  when  *■«:.— -J-,  but 
also  with  all  other  values  of  ♦ .  Actually,  the  Fresnel  integral  is 
^  jjlo.se  to  zero  if  yTazo »  and  in  Equation  (21.12)  only  the 
second  term  remains,  as  must  be  the  case.  Therefore,  Equation  (21.12) 
may  be  investigated  as  an  interpolation  equation,  and  it  may  be 
applied  with  any  values  of  ?  ,  .  It  is  easy  to  establish  that 

now  the  fringing  field  does  not  undergo  a  discontinuity  with  the 
passage  through  plane  x  *  0,  since  Expression  (21.12)  becomes  zero 
when  =fc  -j-  . 

It  is  interesting  to  note  that  Equation  (21.12)  automatically 
follows  from  Equation  (21.08)  if  in  the  latter  equation  one  replaces 
g(l)  by  g(l).  Essentially,  this  substitution  is  equivalent  to  the 
assumption  that  the  moments  of  the  filaments,  the  fields  of  which  are 
used  for  approximating  the  primary  edge  waves,  depend  on  the  radiation 
direction  (that  is,  on  the  azimuth  <p  of  the  observation  point) 

. ■  (21.13) 

Such  a  determination  of  the  moments  of  the  auxiliary  linear  sources 
is  used,  for  example,  in  the  work  of  Millar  [^7]. 

Precisely  in  the  same  way  that  Equations  (21.06)  and  (21.07) 
were  obtained,  we  find  (when  x  >  0) 
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V 


(21.14) 


*(W) 


//+(2)=  -1-H.JC2)  j 


.  ‘(*  +  t)  -  (21.15) 

+  Mttg  (2)  e  -** <,,B  — 

These  expressions  give  the  field  created  by  the  filaments  which  are 
located  above  the  ideally  conducting  half-plane  — oo <y<a  and  have 


the  moments 


m7.  *ar  Htt% ,2)  e" 


In  accordance  with  Equation  (21.04),  here 


(21.16) 


tf(2)~fl(2)f _ « 


(21.17) 


Furthermore,  summing  (21.14)  and  (21.15),  we  obtain 


■Ska cot  J-i  |-y  J 


£ _  —  ika  (tin  •— tin  f) 


—  Hu~- g(2)  j  <*dq 

„  ,(*,  +  t) 

+  H%lg  (2)  '-p—-  ,,,n  ”  • 


(21.18) 


Here  the  first  term  is  the  desired  secondary  wave  from  edge  1,  and 
the  second  term  is  the  field  radiated  by  the  filament  which  is  located 
above  the  ideally  conducting  plane  x  =  0  and  has  the  moment  . 
Summing  the  secondary  wave  which  has  been  found  with  the  unperturbed 
primary  wave  from  edge  2,  we  have 
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‘(*+t) 

(21.19) 

It  Is  not  difficult  to  see  that  the  resulting  expression  becomes  zero 
If  one  assumes  ?  =  -j-  In  it.  Consequently,  the  secondary  diffraction 
eliminates  the  field  discontinuity  which  we  had  earlier  (S  6)  when 
*=»-£-,  but  at  the  same  time  it  leads  to  a  field  discontinuity  when 
fss—  j  •  Again  the  resulting  field  discontinuity  may  be  eliminated 
by  the  above  Indicated  method,  replacing  the  quantity  g(2)  by  g(2) 

—  that  is,  by  assuming  the  moments  m and  m^z  depend  on  the  obser¬ 
vation  angle  $.  Actually  as  a  result  of  such  a  substitution,  we 
obtain  from  (21.19)  the  expression 

3Kfte°*(W) 

//,  (2  — 1)==  j  t*d<,  f 

'(»4) 

+  (2)* e~wa (,ln f> .  (21.20) 

which  vanishes  when  ?  =  :£-£■  .  This  expression  may  be  investigated  as 
an  interpolation  equation  which  describes  the  field  created  in  the 
region  by  the  primary  wave  of  edge  2  with  consideration  of 

its  diffraction  at  edge  1. 

Now  summing  (21.12)  and  (21.20),  we  obtain  the  following  expres¬ 
sion  for  the  total  field  scattered  by  the  strip: 

=  HU\G(\.  f)g 

'(*+f)  , 

+0(2.  .  (21.21) 

Here 
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fid.  f)= 


is  the  shading  function  of  the  primary  wave  travelling  from  edge  1, 
and 


G<2.  ?)  = 


x  | 


(21.23) 


is  the  shading  function  of  the  primary  wave  travelling  from  edge  2. 
These  functions  show  that  the  primary  wave  from  edge  1  undergoes  the 
greatest  perturbation  when  fx.  — ,  and  the  wave  from  edge  2  under¬ 
goes  the  greatest  perturbation  when  . 

An  important  property  of  Equation  (21.21)  is  that  it  becomes 
zero  when  9  —  —  -j-  —  that  is,  the  field  discontinuity  which  we  had 

earlier  at  the  plane  x  *  0  is  completely  eliminated. 

In  concluding  this  section,  let  us  return  to  Expressions  (21.11) 
and  (21.19)  which  lead  to  discontinuities  of  the  fringing  field  In  the 
plane  of  the  strip  (x  *  0).  One  may  show  that  the  sum  of  these 
expressions 


e'*' 

V2kri 


jKKcn*(T-fj 

i(l)  \  e'^ei*a'*in-‘",¥'+ 

•* 


ygi  co.  ( ~  +-|  j 

+g(2)  -j  **dqt  *a,’,n 


+ 


+  [g (I)e'*“ -f  g  (2)e~'*“ ,,,n  ‘-,,n  9,1  *- 


(*”T) 


2  xkr 


(21. 2*1  ) 
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agrees,  when  K&*co*(-j"± 1  ,  with  the  asymptotic  solution  obtained 
in  the  book  [50]  by  means  of  integral  equations.  The  solution  found 
in  [50]  has  the  greatest  precision  when  3  and  it  is  completely 

useless  if  or  . 

§  22.  Secondary  Diffraction  by  a  Strip  (E-Polarlzatlon) 

It  is  known  that  a  current  filament  with  an  electric  moment  pz 
which  is  found  at  a  distance  h  from  an  infinite,  ideally  conducting 
plane  (see  Figure  46)  creates  in  space  the  field 

E,  -  »aA*l/0**t)  ~  (*#.>!•  (22.01) 

2 

With  small  values  of  h  (and  R-^  2  >>  kh  ),  this  expression  Is  trans¬ 
formed  to  the  form 


The  primary  edge  wave  is  determined  by  the  relationship 


E, 


1 

£-(?)/# 


(**rf  -f) 


(22.02) 


(22.03) 


where  E  (q)  is  the  value  of  the  incident  plane  wave  field  at 
0  z 

point  q  (Rq  ■  0).  Consequently ,  the  primary  edge  wave  in  the 
♦  *  0  may  be  investigated  as  the  wave  from  a  current  filament 
above  an  ideally  conducting  plane  if  one  assumes  the  filament 
to  be  equal  to 


the 

direction 

located 

moment 


„  1 
P*~  4 ak‘h 


E„lq) 


1(1) 
sia  4> 


(22.04) 


The  fie^d,  created  at  the  point  P  by  the  current  filament  with 
a  moment  p  which  is  parallel  to  the  half-plane's  edge  and  passes 

Z 

through  the  point  Q,  is  determined  by  Expression  (20.11).  Expanding 
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the  right-hand  member  of  this  expression  into  a  series  in  terms  of  the 
small  quantity  h(h  -*  0)  and  limiting  ourselves  to  the  first  term  which 
Is  different  from  zero,  we  obtain 


£.=  /**/>. !»<*  /-f)- 


(22.05) 


By  means  of  relationships  (22.0*1)  and  (22.05),  one  may  show  that 
current  filaments  with  moments  pj2  and  p*2  which  are  located  on  the 
Ideally  conducting  half-plane  — and  correspond  to  edge  1  (see 
Figure  47)  create  in  the  region  the  field 


J 

+s7s*,n(*4— ^ 


(W) 


(22.06) 


The  current  filaments  with  the  moments  p^z  and  p?2  which  are  located 
above  the  ideally  conducting  half-plane  —  oo <y<a  and  correspond  to 
edge  2  create  in  the  same  region  the  field 


7&  C05f  1  e 

m 


J***) 

,  «"VH 


+i^*in(T  +  f> - ’  J  ( 


f) 


(22.07) 
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The  first  terms  li.  Expressions  (22.06)  and  (22.07)  are  the  desired 
secondary  waves,  and  the  last  terms  In  the  expressions  are  the  fields 
from  the  current  filaments  located  above  the  Ideally  conducting  plane 
x  •  0  and  having  the  moments 


where 


/«»>« +, 5  S, [. $ • 


(22.06) 

(22.09) 


Summing  the  secondary  waves  which  have  been  found  with  the 
unperturbed  primary  waves,  we  obtain  the  total  field  scattered  by  the 
strip 

-  //f  ~  £>*-  ( l  ,  x  { 

+,yg«n  (r“  f )  •’"*"*  *’]  •  *"*"+ 

+78>[<«VX  {  «**+ 

+7P5i*l„(T+-J-)  ”]+ 

-f.  /?„  [/  ( I)  f ” + /  (2)  e-**<*M  — *e  •>  )X 

xVrS"’  122  (22.10) 


Now  assuming,  as  In  the  case  of  the  <i>polarizatlon,  that  the 
moments  p*z  and  pg,  depend  on  the  angle  4,  by  replacing 


10)  by  JB.  and  /( 2)  by 


(22.11) 


we  obtain 


*,»_//  ~£„f/X I,  ?)/(!) 

i(»r*4) 


(22.12) 
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where 


,  i  V  1 

^•“(t -i)  f 

Fa„  5  -if  f) 

R,,“?s*  [  f  .'4+ 

J _ i  e?i*afl-,to„  - 


j  i  t2i*a(l  —  ifoT) 

<TS« rnil+i) 


(22.13) 

are  the  shading  functions.  They  show  that  th«  « 

1  undergoes  the  greatest  perturbation  near  f—i  "^"tT  fr°”  ^ 
edge  2  undergoes  the  greatest  perturbation  in  ilelnlt, \7LT 

T.  2  ‘ 

5  23‘  ^..Scattering  Character  *t^  of  , 

Plane  Wave  by  a  strip 

«-  fir::::“if  ^  r <r2)  rh  — - — - 

Interaction  of  tbe  .edges  and  are  i"t°  a“<=°“nt 

r  a  eianoins — -  :::rry 

In  order  to  find  equations  which  are  applicable  in  thi 
let  us  proceed  in  the  following  wav  Let  «  13  Case’ 

for  the  field  radiated  by  the  strio’-i  tn  th<?  expressions 

dence  of  a  plane  wave  in  the  ,  direction  «  with  the  inci- 

P  W3Ve  ln  the  direction  *  (Pigure  45) 

—  H.  —  f  (2, 

•(^t) 

-f-P'O.  *)/(2)e~'*a  - — — 

V 2n*r  ’  I 

HK—.E,f=  H„  \G  (2.  a) g  (l)e'*af,,n— 

‘hr) 

-f- <5(1.  alff(2)e~ ^ 1  _ 

\'l*k7  ‘ 
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(23.01 ) 


Here  |«|<  *  ,  but  <p  cannot  approximate  — tt/2  Now  let  us  note  that 

the  expressions  for  the  fringing  field  must  satisfy  the  reciprocity 
principle  that  is,  they  must  not  change  with  the  simultaneous  re¬ 

placement  of  a  by  $  and  <p  by  a.  Comparing  Equations  (21.21),  (20.12) 
and  (23*01),  it  is  not  difficult  to  obtain  the  expressions 

£,  =  -:h;  =  £„IF(  1.  f)F{ 2.  *)fO)eu+-—**+ 

'(*♦£) 

-M(2.  9)^(1.  *)f(2)e-i*“,in‘  *'•’>] 

1.  f) G (2, 

+  0(2,  f)G(  1,  >)g(2)t  * ‘"»>j  1~_ . . 

"*  (23*02) 

which  satisfy  the  reciprocity  principle,  have  no  discontinuities  any¬ 
where,  and  are  suitable  for  making  calculations  with  any  values  of  a 
and  .  From  the  second  equation  of  (23.02),  it 

follows  that  Hz  *  *  0  when  »=— -5 - that  is,  the  fringing  field 

does  not  experience  discontinuities  in  the  plane  x  «  0.  Moreover, 

Hz  *  Ep  *  0  wlth  a°y  values  of  ♦  if  *  =  +  —  that  is,  a  plane  wave 

polarized  perpendicularly  to  the  strip  does  not  undergo  diffraction 
with  a  glancing  incidence. 

The  resulting  Equations  (23*02)  may  be  investigated  as  interpo¬ 
lation  equations.  Actually,  with  when  W  j  ^g 

functions  ^<1.  *).  F(2,  «),  0(1,  *)  and  G  (2,  a)  are  close  to  one,  and 
Equations  (23*02)  change  into  the  previous  Expressions  (21.21)  and 

(22.12) .  But  if  !?«-y  and  cos =t J %,  1  ,  then  the  functions 

?).  ^(2.  ?)  f  g  (1,  p)  and  G  (2,  p)  are  close  to  one,  and  Equations 
(23*02)  change  into  Equations  (23.01).  Let  us  recall  that  the  func¬ 
tions  F  and  G  are  determined  by  relationships  (21.22),  (21.23)  and 

(22.13) . 


In  the  direction  of  the  principal  maximum  of  the  scattering 
diagram  ($  -  a).  Equations  (23*02)  take  the  following  form: 
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Ht  -  H.:  [ (2ika  cos *  +  J  ,  ><7(1  ,“*)  0  (2,  *)+ 

+  0(1.  0(2. 

-  -  Jr)™-  *^2-  •)  + 
<»♦  M 


+  /<!.  *)  -  f«2. 

°»  |^2a*r 


(23.03) 


Hence  when  **±t  we  have 


JL  ,2?^  ' 


H,  —  0, 

*nz 


^W“)+ 

0 

V 

,*•  +W*  J  ;e*Mi?£-  •  * 

^  —•- .  .>  .a-.«.m.  .  V*..  •*  -•  •  •• 


(23.04) 


It  Is  interesting  to  observe  that  Expressions  (23.02)  to  some 
extent  take  into  account,  in  addition  to  secondary  diffraction,  also 
tertiary  diffraction.  Actually,  for  the  values  !*l<y  and  |?f<~  , 
we  have 


0(J,  ?)G(2,  «) ei*‘,,5,n  *' *  t‘ia','n «-*"'♦>- 


/  -f 

e/*a(3+  iln«+5|n  f)  ’ 

e 


»ln  f) 


'T 


2Y*ka  co*  —  yj  2  co* 


/*«<<  — sin  «+sln  f) 


co*  (—  2')co,(t'^t) 


(23.05) 


The  physical  meaning  of  the  four  terms  in  the  right-hand  member  of 
this  equation  is  illustrated  in  Figure  48  (Figure  48a  corresponds  to 
the  first  term;  Figure  48b  corresponds  to  the  second  term,  etc.). 

Taking  into  account  condition  (6.15),  one  may  write  the  equations 
for  the  fringing  field  in  the  left  half-space  (  y<|?|<«r  but  |o|<~  ) 
in  the  same  form  as  (23.02).  Thus,  the  functions  <7(1,  a),  <7(2,  a)  and 
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Figure  48.  The  schematic  diagram  of  the 
waves  corresponding  to  the  various  terms 
in  Equation  (22.05). 


fl  1,  «).  /(2.  a)  will,  as  before,  be  described  by  the  relationships 
(21.22),  (21.23)  and  (22.13).  The  remaining  functions  in  Equations 
C22.02)  will  be  determined  when  -y  <|fl<*  by  the  following  equations: 


.  (7(1,  9)  =  e""'  4  -  j 

'  s'*"- -f) 

0(2,  ?)  —  --r=  e~*  4  •  f  tFdq, 

o  (23.06) 

_4.  j 

^(1*  T[  J  e'*dti  — 

0 

II 

j  —  -)  1 

"  **  ' 


j  (23.07) 
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4  f  f  «  —  •  <4  t  • 

.»•  j1  f  j  1  ....  k  1  ■  .in  j  T 

•laa-ilaf  ‘  *  **'  '  f  .lit.  -  -  ala  f  * 


H  l)-g(2i.  /  (2)  *«(»). 


(, i .  0»  ) 
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Calculations  of  the  scattering  characteristics  were  carried  out 
based  on  the  equations  derived  above.  These  scattering  characteris¬ 
tics  are  the  functions  h(a,  $)  and  e(o,  $)  determining  the  fringing 
field  by  means  of  the  relationships 


E,  =  £„Ac«(a,  9)  /  x  «  1 


f)/Xe 


(* 


(23.13) 


The  calculations  were  performed  for  the  values  ka=V28  and  £a=4^83  • 
In  Figures  i<9  -  6 2,  the  following  designations  were  used:  1)  the 
functions  h  and  e  correspond  to  the  rigorous  theory;  2)  the  functions 
hQ  and  eQ  correspond  to  the  field  from  the  uniform  part  of  the  current 
(the  physical  optics  approach);  3)  the  functions  h-^  and  e1  correspond 
to  the  field  from  the  uniform  and  nonuniform  part3  of  the  current , 
but  without  consideration  of  the  interaction  of  the  edges;  4)  the 
functions  h2  and  e2  correspond  to  the  fringing  field  with  considera¬ 
tion  of  secondary  diffraction  calculated  on  the  basis  of  equations 
(23.13).  (2 3.02)  and  (23.10).  Thus,  in  accordance  with  §  6, 


..  _  Clr  ,  (sfo  .  —  Jlq  f)|  | 

*  c‘  *  ^ioT— .irjjr- » i 
fc  -*'«•  (*«(*»»  •  -  ‘la  f)l 


(23. I'D 


and 


*.  I“s| 


l$la(ia(sla  a— sin  ^  ^cos  (*a(slfl.  —  tin  t)| 
•  —  •  .  ~l  «  +  • 
sis  — y-1  cos  — y-* 


(23.15) 


where  If|<-y 


The  results  obtained  show  that  our  approximation  equations  agree 
satisfactorily  with  the  rigorous  theory  already  when  ka  ~l 28”  , 
although  in  the  given  case  approximately  one  and  one-half  wavelengths 
are  fitted  into  the  width  of  the  strip.  In  the  direction  toward  the 
source  *+*•  ,  and  also  with  glancing  Irradiation  of  the 
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Figure  51.  The  same  as  Figure  49  when 
$  »  -ir  +  a. 


strip  (o  ■  -ir/2),  when  the  functions  eQ  and  hQ,  and  and  h^  lead  to 
qualitatively  incorrect  results,  the  functions  e2  and  h2  give,  as  in 
the  remaining  cases,  fully  satisfactory  results.  Actually,  the  curve 
|h2|  coincides  almost  everywhere  with  the  curve  |hj  (Figure  49-54) 
within  the  limits  of  graphical  precision.  But  the  calculated  values 
of  the  function  |e2|  differ  from  the  corresponding  values  of  the 
function  |e|  only  by  hundredths  of  a  percent  (Figure  55  -  62).  The 
better  agreement  with  the  rigorous  theory  associated  with  the  E- 
polarization  is  explained  by  the  weaker  interaction  of  the  edges  in 
this  case.  A  certain  discrepancy  of  the  curves  |h2)  and  |h|  in  the 
vicinity  of  the  principal  scattering  maximum  is  explained  by  the 
interpolation  character  of  our  equations. 

As  a  consequence  of  the  interpolation  character  of  Equations 
(23.02),  the  integral  scattering  diameter  obtained  from  Expressions 
(23.03)  when  a  *  0  does  not  coincide  with  the  integral  diameter  found 
by  Clemmow  [46]  in  the  form  of  the  first  terms  of  an  asymptotic  ex¬ 
pansion  in  inverse  powers  of  /ka.  However,  our  equations, as  distinct 
from  the  similar  equations  obtained  by  other  authors,  allow  one  to 
calculate  the  scattering  characteristics  with  any  Incident  angles  of 
the  plane  wave. 


Figure  53.  The  same  as  Figure  52  when 


Figure  54.  The  same  as  Figure  52  when  $■-*  +  <*. 


Let  us  note  that  the  functions  e(a,  $)  and  h(a,  $)  Tor  Figures 
49  -  52  were  calculated  on  the  basis  of  rigorous  series  which  were 
obtained  by  the  separation  of  variables  in  the  elliptic  coordinate 
system  (compare  [23])^.  , 

S  24.  Secondary  Diffraction  by  a  Disk 

Let  us  refine  the  approximate  solution  of  the  diffraction  pro¬ 
blem  for  a  disk  which  was  found  in  Chapter  II. 


Let  an  Infinitely  thin,  ideally  conducting  disk  of  radius  a  be 
found  in  free  space.  Let  us  orientate  the  spherical  coordinate  system 
in  such  a  way  that  the  normal  n  to  the  incident  wave  front  would  lie 
In  the  half-plane  <t>  *  n/2,  and  form  an  angle  T  (o^T^y)  with  the  z 
axis  (Figure  63).  Let  us  prescribe  the  incident  plane  wave  field  in 

E_Efe'*<,',,^,+*'“T^  H  =  (24.01) 


(1) 


Footnote  appears  on  page 


162. 
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Figure  56 
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Figure  62.  The  same  as  Figure  59  when  $  *  -ir  +  a. 


In  accordance  with  5  12,  the  fringing  field  in  the  plane 

2 

$  *  ±ir/2  is  described  (when  R  >>  ka  )  by  the  equations 


£f  -  -/*.  =-2-jl/<2.*)-/(1,?)J^(C)  + 
+  *  1/(2,  «)+/(!.  5>]/,<C)}~. 
//,*=£,-^(w2.  *)-*(!,  B)jy,(C)-h 
+ 1 lg (2.  «)  +  «(!.  «>]4(5>}  • 


(24.02) 


These  expressions  are  valid  when  0<-y  and  y<-j-  .  The  quantities 
included  in  them  are  determined  by  the  relationships: 


a  +  s  «-» 

co*  — 2 - *ln— j— 

f(\,  !)  jiin 4  —  *io# 


/( 2.  «)  =  ■ 


i  a — a 

co*  — j 


•In  <  — *in>  * 

ff(I.  3)=-/(2.  «).  *2.  *)= -/(!.«). 
C  —  Jfca  (sin  8  —  sin  8), 


(24.03) 

(24.04) 
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|  T  with 

J-T  with?  =  — j. 

Let  us  note  that  here 


/(!.*)  = 

/(l)  with  ?  =  -*- 

•  • 

• 

f(2)  with<?  =  —  -j- 

/( 2)  with  ?—  ~o~ 

/( 2.S)  =  i 

• 

1/(1)  with?  =  — -j-  | 

f(l)  with  9—  -f 

*(!.*)  = 

_  »’ 

\ 

g(2)with?  =  — 2- 

I 

g( 2)  with  <?  =  -£- 

g(2,Z)  =  l 

j£(l)withy  =  —  -j-  J 

(24.05) 


(24.06) 


and  the  functions  f(l),  f(2),  g(l)  and  g(2)  are  determined  by  the 
Equations  (12.03)  and  (12.04). 


When  e  >>  1,  Expressions  (24.02)  take  the  form 


H.  =  E. 


iaH, 


Yi 


(24.07) 


They  show  that  the  fringing  field  in  this  region  may  be  investigated 
as  the  sum  of  spherical  waves  from  two  luminous  points  on  the  rim  of 
the  disk  with  the  polar  angle  < j>  =  ±tt/2.  The  diffraction  by  a  disk  of 
each  of  these  waves  may  be  studied  as  was  done  in  the  case  of  a  strip, 
but  we  shall  proceed  differently. 


\ 

/ 


\ 
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Figure  63.  The  cross  section  of 
a  disk  with  the  plane  yoz;  n 
is  the  normal  to  the  Incident 
wave  front. 


Figure  64.  Excitation  of  a  half¬ 
plane  by  an  elementary  dipole 
which  is  located  at  the  point  Q. 


Let  us  compare  the  shading  of  spherical  and  cylindrical  waves 
by  a  half-plane.  Let  an  ideally  conducting  half-plane  be  found  in 
free  space,  and  let  there  be  an  elementary  dipole  at  the  point  Q 
(Figure  6*1).  Let  us  find  the  field  in  the  plane  perpendicular  to 
the  half-plane's  edge  and  passing  through  the  point  Q. 

In  accordance  with  the  reciprocity  principle,  it  is  determined 
for  the  electric  dipole  by  the  relationship 


Et 


P>_ 

!>*• 


£.(Q). 


(24.08) 


and  for  the  magnetic  dipole  by  the  relationship 


(24.09) 


Here  p  (m  )  Is  the  electric  (magnetic)  dipole  moment  found  at  the 
z  z 

point  Q;  p  and  m  are  the  moments  of  the  auxiliary  dipoles  which 
oz  o  z 

are  placed  at  the  point  P;  E  (Q)  and  H  ( Q )  are  the  fields  created  by 

z  z 

the  auxiliary  dipoles  at  the  point  Q. 
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Now  let  us  remove  the  auxiliary  dipoles  to  such  a  distance  that 
the  spherical  wave  arriving  from  them  may  be  considered  to  be  a  plane 
wave  on  the  section  from  the  half-plane’s  edge  to  the  point  Q.  In 
this  case,  in  accordance  with  Equation  (20.08),  the  field  created  by 
the  wave  at  the  point  Q  will  equal 


E, (Q)  =  E„ (0) [a (d'?-<f)~u (d, i  +  f)\,  I 
H,(Q) -9") -{-a  (4. 9'+?")]-  I 


(24.10) 


The  expressions 


E„  (0)  ^  k*p„  .  H„  (0)  =  k’mtt 


(24.11) 


determine  the  fields  created  by  the  auxiliary  dipoles  in  free  space 
(with  the  absence  of  the  half-plane)  at  the  point  0. 

Consequently,  the  fields  excited  at  the  point  P  by  the  electric 
and  magnetic  dipoles  which  are  found  at  the  point  Q  above  the  half¬ 
plane  equal  respectively 


iklf  ) 

E ,  =  k  ’p,  [u  (d,  9'  _  9")  -  tt  (d,  Y  -\Y)l V . 

ikR  * 

H,  =  k’m,  [a  (d,  9*  -  <?)  +  a  (d,  f  -f  ?)]  .  j 


(24.12) 


With  the  absence  of  the  half-plane,  these  dipoles  create  at  the  point 
P  the  field 


H,  =  k’m,  e~'w  eo*  . 


(24.13) 


Comparing  Expressions  (24.12)  and  (24.13)  we  find  the  shading 
functions 


F  =  [a  (d,  1  -  ?")  -  a  (i,  ?'  4-  ?")|  e'M  co* 


G  —  [« {d,  j  —  9")  -f  a  (d,  <?'  -f-  f")}  e 


(24.14) 
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In  the  case  when  the  current  filament  passes  through  the  point 
Q  parallel  to  the  half-plane’s  edge,  the  field  at  the  point  P  is 
determined  —  in  accordance  with  (20.11)  and  (20.12)  —  by  the 
equations 


e. = ik'p,  [u  (d,  /  -  ?■')  -  « (d,  f + ?)}  4  \ 

Ht = ik’m,  [U  (d,  f  -  O  +n  (d.  9'  +?')] e'  (**”1 


(24.15) 


With  the  absence  of  a  half-plane,  these  sources  create  at  the  point 
P  the  field 


£, = ik'p,  Y\ J  e  4  ^  e~'M  ~*  <»*-♦"> , 

H,=-ik'mt 


(24.16) 


Comparing  Equations  (24.15)  and  (24.16),  we  obtain  the  same  Expressions 
(24.14)  for  the  shading  functions.  Consequently,  a  spherical  wave  in 
the  direction  perpendicular  to  an  ideally  conducting  half-plane  is 
shaded  by  it  the  same  as  a  cylindrical  wave. 

Let  us  note,  however,  that  Expressions  (24.14)  are  not  equivalent 
to  Expressions  (21.22),  (21.23)  and  (22.13),  since  the  first  represent 
the  shading  function  by  a  half-plane  of  a  wave  from  a  single  source, 
and  the  latter  represent  the  shading  function  of  an  edge  wave  which 
we  approximate  by  waves  from  two  sources  located  on  both  sides  of  the 
corresponding  half-plane.  Since  the  shading  functions  of  spherical 
and  cylindrical  waves  are  the  same,  the  edge  wave  shading  functions 
of  a  strip  and  a  disk  also  will  coincide. 


Therefore,  the  approximation  expressions  for  a  field  scattered 
by  a  disk  which  take  account  of  secondary  diffraction  may  be  repre¬ 
sented  in  the  region  9  =  —  -j-,  0<0<  (with  e  >>  1)  in  the  following 
form: 
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Starting  from  Expressions  (24.18)  and  (24.19),  it  i3  not  diffi¬ 
cult  to  write  interpolation  equations  for  the  fringing  field  which 
are  suitable  for  any  values  of  y  and  9  in  the  interval  (0;  n Z2), 
but  when  <p  ■  ±/2j 


{(/'(2. 9)  F(  1.  o)  /  (2,  8)  - 

-  l)\  Jt  (Q  (2. 0)  f(l,  8)/ (2, 8'  + 

+f(l,tt)F(2,5)/(l.S)jy,(C))^*, 


(24.20) 


=  =  (|0  (2.  »)  G  (1. 1)8  (2. 8)  - 

-C(l.»jO(2.5)a(1.2)iy,(C)  +  /[G(2.0)O(l.S)a(2.8)  + 

a-C(l.»)C(2,8)«(1.«)]yt(C)]^.  (24.21 

Let  us  note  that  when  y  «  0  these  expressions  will  be  valid  for 
any  values  of  the  azimuth  <p  ,  since  then  any  point  of  space  may  be 
considered  to  be  located  in  the  incident  plane.  \ 


In  the  direction  of  the  scattering  diagram's  principal  maximum 
—  that  is,  when  *  — T.  ?  =  —  the  fringing  field  (24.20)  and  (24.21) 

takes  the  form 


E^Fe.VFd, T)^C0*T. ) 

c,=s//f=si*-l//9t.G(2.7)G(l.t)^C0»l.  j  (24.22) 


However,  these  expressions  have  an  interpolation  character, and  with 
small  values  of  the  angle  y  it  is  impossible  to  consider  them  to  be 
more  precise  than  the  simple  equations  of  §  9  and  5  12.  In  particular, 
with  y  *  0,  when  the  fringing  field  must  not  depend  on  the  incident 
wave  polarization,  they  give  values  which  are  different  for  the  E- 
polarizatlon  and  H-polarizati on  by  small  quantities  of  the  order  of 
via  *  Therefore,  In  this  case  (when  y  =  0)  It  makes  sense  to  use 
Expressions  (24.20)  and  (24.21)  only  far  from  the  z  axis,  switching 
to  Equations  (24.02)  near  the  z  axis. 
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Equations  (24.20)  and  (24.21)  have  the  following  important  pro¬ 
perties,  They  do  not  have  discontinuities,  they  include  the  case  of 
glancing  incidence  of  a  plane  wave,  and  they  satisfy  the  reciprocity 
principle.  Prom  them  it  follows  that  —  —  0  when  8  =  -^-  —  that 

is,  the  fringing  field  does  not  experience  a  discontinuity  on  the 
plane  z  a  0.  Moreover,  —  //f  =  0  with  any  values  of  8.  if  t  — 

—  that  is,  a  plane  wave  polarized  perpendicular  to  the  disk's  plane 
does  not  experience  diffraction  with  glancing  irradiation  of  the 
disk. 


As  in  the  case  of  diffraction  by  a  strip,  the  new  approximation 
expressions  consider  to  some  extent  tertiary  diffraction  [see 
Equations  (23.05)  and  Figure  48], 

i 

Using  Condition  (9.04),  it  is  not  difficult  to  write  equations 
for  the  fringing  field  in  the  left  half-space  (-y*1®***;  9  = 

l&E  i 

Er=~Ht  =  -/£  [IF  (2,  *— 8)F(1,o)/ (2,  S)  — 

—  F(l,*-8)F(2.a)/(ltS)]/,(C)  + 

+  ilF(2,*-8)F(l,3)/(2,6)+ 

+  F(l.«-8)F(2.2)/(1.5)]yi(C)}*"^.  (24.23) 

£,  =  //,=  ~~2~  {(G  (2.  *  -  8)  G  (I.  S)  g(2, 8)  - 
—  (7(1,*  —  8)G(2, 8)g(l,8)]y,(C)-f- 

-HIG(2,^r-8)G(1,^)g(2,8)+ 

4-G(l,*-8)G<2,8)^(U)jy;(^)J^-,  (24.23) 

where  the  functions  f  and  g  are  determined  by  the  equations 


(24.24) 

In  the  direction  towards  the  source  ^8  —  *— ^  ,  the 
fringing  field  equals 


a  +0 


a  —  it 


SOtfy  —  f  (2.8); 


CO*  -  2—  +  *lo  — J— 


sin  4  — sin  » 


a  +  a 


/<M)  =  *(  2,8)  =  - 


-sin  - 


a  — a 


sin  a  — sin  • 


\ 
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where 


®  ^  ,V*(1.*)/(2.8)  - 

-  F*  (2.  *)  /  (1 . 5)J  J,  (C)  +  /  [f *  ( ! .  8)  /  (2,  8)+ 
-|-  F*  (2, 8)  /  ( 1 , 8)J  7,  (C)  j  , 

£*  =  «  ~r  {(G*  <U)  *  (2, 8)  - 

-C,(2,8)g(l,8)|yi(0  +  /(C>(!,?)g(2,8)  + 
+  C,(2,S)«(l,8)iyi(C)j^-f 


8=_T; 


/(1.*)  =  «{2,8)  =  - 


»  +  «t"T  . 
2  lint  ' 


/(2.8)  =  *(1.8)  = 


I  — lint 
2  tint  ' 


(24.25) 


(24.26) 


As  was  already  noted.  It  makes  sense  to  use  Equations  (24.25) 
only  far  from  the  z  axis,  changing  to  Expression  (12.15)  of  the  pre¬ 
vious  approximation  in  the  vicinity  of  the  z  axis.  A  calculation  of 
functions  E(s  —  T>  and  ~S(«—  t)  (Figures  65  and  66)  which  determine 
the  effective  scattering  surface  [see  Expressions  (12.17)3  was  per¬ 
formed  on  the  basis  of  these  equations  when  ka  ■  5.  A  comparison  was 
carried  out  of  this  calculation  with  the  results  of  measurements. 

The  two  experimental  diagrams  (the  dashed  lines  )^  depicted  in 
Figure  65  characterize  the  experimental  precision.  As  distinct  from 
the  previous  approximations,  which  lead  in  this  case  to  qualitatively 
incorrect  results  [see  Equations  (10.06),  (10.07)  and  (12.15)3,  we 
observe  a  satisfactory  agreement  of  theory  with  experiment. 


For  verifying  the  results  obtained,  a  calculation  was  also 
carried  out  of  the  functions  V^(0  )  and  V^(  9  )  [see  Equations 
(9-07)3  when  ka  =  5  (Figure  67  and  68)  with  normal  irradiation  of  a 
disk  by  a  plane  wave.  Curve  1  corresponds  to  the  field  calculated 
from  the  rigorous  theory  [34];  curve  2  corresponds  to  the  field  from 


(2) 


Footnote  appears  on  page 


162. 
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Figure  65.  The  diagram  of  a  disk’s  effective 
scattering  surface  when  the  plane  wave's 
magnetic  vector  is  perpendicular  to  the  inci 
dent  plane. 
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Figure  66.  The  calculated  diagram  of  a 
disk's  effective  scattering  surface  when 
the  plane  wave's  electric  vector  is  per¬ 
pendicular  to  the  Incident  plane. 


the  uniform  part  of  the  current  (the  physical  optics  approach).  Curve 
3  corresponds  to  the  field  from  the  uniform  and  nonuniform  parts  of 
the  current,  but  without  the  interaction  of  the  edges.  Curve  4  corre¬ 
sponds  to  the  field  with  consideration  of  secondary  diffraction.  As 
is  seen  from  these  graphs,  consideration  of  the  edge  interaction  re¬ 
fines  the  previous  approximation  and  ensures  better  agreement  with 
the  rigorous  theory  results. 

The  problem  of  secondary  diffraction  by  a  cylinder  may  be  solved 
by  a  similar  method.  However,  considering  that  the  corrections  which 
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„  v(1)  ^ 

Figure  67.  The  function  v(#}  for  a 

disk  with  normal  incidence  of  a  plane 

wave  (curve  JJ).  Curves  1,  2  and  3  from 

Figure  20  are  drawn  for  comparison. 


depend  on  the  secondary  diffraction  here  are  small  (on  the  order  of 
1  dB)  when  ka  *  ir,  kl  =  10tt,  and  the  equations  are  substantially  more 
complicated,  we  shall  not  cite  them  here. 

In  the  problems  investigated  above,  the  edge  waves  have  the 
character  of  cylindrical  or  spherical  waves  —  that  is,  they  decrease 
rather  rapidly  with  the  distance  from  the  edge.  Therefore,  in  the 
case  when  the  linear  dimensions  of  the  faces  are  approximately  two 
wavelengths,  it  is  sufficient  to  limit  ourselves  to  a  consideration 
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( 2 ) 

Figure  68.  The  function  v(^  for  a 
disk  with  the  normal  incidence  of  a 
plane  wave  (curve  4).  Curves  1,  2  and 
3  from  Figure  21  are  drawn  for 
comparison 


of  only  secondary  waves.  In  Chapter  VII  we  will  investigate  the 
problem  of  a  dipole  in  which  the  edge  waves  decrease  so  slowly  that 
it  is  necessary  to  consider  multiple  diffraction. 

S  25.  A  Brief  Review  of  the  Literature 

In  this  and  previous  chapters,  approximation  expressions  were 
obtained  for  the  scattering  characteristics  of  a  plane  wave  by  various 
bodies.  These  expressions  were  derived  with  the  help  of  physical 
considerations  which  do  not  pretend  to  be  mathematically  rigorous, 
and  they  are  adequate  for  sufficiently  short  waves.  In  the  literature, 


15 -'I 


FTD-HC-2 3-259-71 


there  are  a  number  of  works  in  which  similar  results  were  obtained. 

A  majority  of  these  works  also  are  not  characterized  by  mathematical 
rigor,  and  they  are  based  on  certain  physical  assumptions.  Therefore, 
one  may  relate  them  to  the  physical  theory  of  diffraction.  Only  in 
a  few  works  (related  to  the  simpler  diffraction  problems)  did  they 
succeed  in  obtaining  specific  results  at  a  higher  level  of  mathematical 
rigor  —  more  precisely,  while  developing  asymptotic  methods  of  mathe¬ 
matical  diffraction  theory. 

We  will  briefly  list  the  most  important  results  obtained  in  a 
number  of  papers  and  books,  grouping  the  material  in  the  following 
sequence : 

1.  Diffraction  by  plane,  infinitely  thin  plates  (an  infinite 
strip,  a  circular  disk)  and  diffraction  by  auxiliary  apertures  in  a 
flat  screen  (an  infinite  slit,  a  circular  hole). 

2.  Diffraction  by  three-dimensional  bodies  with  edges  (a  finite 
cylinder,  a  finite  cone,  etc.). 

3.  Other  diffraction  problems. 

When  investigating  the  first  group  of  diffraction  problems,  it 
is  necessary  to  keep  in  mind  the  principle  of  duality  [4]  which  enables 
one  to  easily  change  from  a  strip  to  a  slit,  from  a  disk  to  a  circular 
hole,  etc.  In  the  literature  as  a  rule,  they  preferred  to  investigate 
apertures  in  an  infinite  flat  screen,  whereas  in  our  book,  diffraction 
by  a  strip  and  a  disk  was  studied.  This  approach  facilitates  the 
transition  to  three-dimensional  bodies  (see  the  remarks  at  the 
beginning  of  this  chapter). 

Based  on  the  time  of  appearance  (if  we  do  not  consider  the  works 
of  Schwarzschild  [15]  which  we  talked  about  in  the  Introduction) ,  one 
should  first  of  all  mention  the  works  of  Braunbek  [28  -  30]  which 
were  devoted  to  the  diffraction  of  a  scalar  wave  by  a  circular  hole 
in  a  flat  screen.  Assuming  that  the  plane  wave  is  incident  normal  to 
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the  screen,  the  author  obtained  an  approximation  solution  in  the  form 
of  a  surface  integral.  The  boundary  values  of  the  integrand  were 
taken  from  the  rigorous  solution  to  the  problem  of  diffraction  by  a 
half-plane  which  was  found  by  Sommerfeld.  The  field  was  calculated 
in  the  far  zone  on  the  axis  of  the  hole  and  far  from  it,  and  also  on 
the  axis  near  the  screen.  Using  this  approach,  Braunbek  recently 
solved  the  problem  of  scalar  wave  diffraction  by  an  aperture  in  a 
concially  shaped  screen  [31]. 

In  the  papers  of  Frahn  [32,  33],  this  method  was  used  for  the 
diffraction  of  electromagnetic  waves.  Diffraction  of  a  plane  wave 
incident  normal  to  an  ideally  conducting  screen  with  a  circular  hole 
was  investigated.  The  field  was  calculated  in  the  hole  and  on  the 
axis,  and  also  the  field  in  the  far  zone  and  the  transmission  coeffi¬ 
cient  (the  ratio  of  the  energy  passing  through  the  hole  to  the  energy 
falling  on  it)  were  calculated. 

In  these  works  of  Braunbek  and  Frahn,  secondary  diffraction  was 
not  considered.  The  expressions  obtained  by  them  for  the  fringing 
field  intensity  in  the  far  zone  agree  with  similar  expressions 
following  from  our  equations  (S  9). 

Karp  and  Russek  [51]  studied  diffraction  by  a  slit  in  the  case 
when  the  incident  wave's  electric  vector  is  parallel  to  the  slit  edge. 
They  investigated  each  semi-infinite  p<.rt  of  the  screen  as  a  half¬ 
plane  excited  by  the  incident  wave  field  and  a  "virtual"  source 
localized  on  the  edge  of  the  opposite  half-plane.  The  moments  of 
these  sources  were  determined  from  a  system  of  two  algebraic  equations 
which  were  obtained  by  using  the  asymptotic  expressions  resulting 
from  the  rigorous  solution  for  the  half-plane.  Secondary  diffraction 
was  considered,  and  partially  the  general  Interaction.  Special 
attention  was  allotted  to  calculating  the  transmission  coefficient, 
but  equations  for  the  scattering  characteristics  which  would  be 
suitable  with  all  directions  of  Incident  wave  propagation  were  absent. 
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Clemmow  [46]  and  Millar  [47  -  49]  in  their  works  calculated  the 
transmission  coefficients  with  normal  irradiation  of  a  slit  and  a 
hole,  and  also  the  field  in  the  hole.  The  solution  was  sought  by 
means  of  curvilinear  integrals  of  the  fictitious  linear  currents  on 
the  aperture  edges.  The  interaction  of  the  edges  was  considered. 

The  case  of  inclined  irradiation  was  not  investigated,  since  it  turned 
out  to  be  too  complicated  for  investigation  by  this  method. 

The  "geometric  theory  of  diffraction"  of  Keller  [42  -  44]  which 
deals  with  diffraction  rays  is  of  special  interest.  The  phase  and 
amplitutude  corresponding  to  each  diffraction  ray  are  determined  at 
each  ray  point  on  the  basis  of  geometric  considerations  and  the  law 
of  the  conservation  of  energy.  The  initial  diffraction  ray  amplitude 
is  assumed  to  be  proportional  to  the  incident  ray  amplitude  at  the 
point  of  its  diffraction.  The  unknown  proportionality  constant  be¬ 
tween  the  amplitudes  and  the  initial  phase  difference  _s  determined 
from  a  comparison  with  the  results  of  well-known  solutions  of  diffrac¬ 
tion  problems.  In  this  way,  the  fields  scattered  with  the  normal 
incidence  of  a  plane  wave  on  a  slit  and  hole  in  a  flat  screen  are 
found.  These  fields  are  obtained  with  consideration  of  multiple  dif¬ 
fractions,  but  they  are  not  precise  wave  equation  solutions,  since 
their  calculation  was  started  from  approximation  relations.  Moreover, 
geometric  diffraction  theory  i3  not  applicable  near  caustics,  and  also 
in  the  vicinity  of  the  scattering  diagram  principal  maximum. 

In  a  recently  published  paper  of  Buchal  and  Keller  [52],  a  new 
method  for  the  solution  of  diffraction  problems  for  holes  in  a  flat 
screen  was  proposed.  The  caustics  and  shadow  boundaries  here  are  in¬ 
vestigated  as  thin  boundary  layers,  inside  of  which  a  rapid  field 
change  takes  place.  This  method  supplements  geometric  diffraction 
theory,  and  in  particular  enables  one  to  find  the  field  at  caustics 
and  on  the  shadow  boundary. 

Recently,  the  method  of  integral  equations  has  been  applied  to 
the  solution  of  diffraction  problems  of  holes  in  a  flat  screen.  In 
particular,  Greenberg  [53,  54]  reduced  the  solution  of  this  problem 
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to  an  integral  equation  for  a  "shadow"  current  which  is,  in  our  termi¬ 
nology,  half  the  nonuniform  part  of  the  current.  The  resulting 
integral  equations  may  be  solved  (with  any  ratio  between  the  dimensions 
of  the  hole  and  the  wavelength)  by  the  method  of  successive  approxi¬ 
mations.  Moreover,  they  allow  one  to  obtain  asymptotic  expressions 
which  are  suitable  for  short  waves.  In  Reference  [55]  Greenberg  found 
an  asymptotic  expression  for  the  current  on  a  strip  with  ka  »  1  (2a 
is  the  strip’s  width).  Greenberg  and  Pimenov  [56]  obtained  a  similar 
solution  in  the  case  of  normal  incidence  of  a  plane  wave  on  a  circular 
hole.  Using  the  same  method,  an  asymptotic  expression  was  found  for 
the  current  on  a  flat  ring  [57],  the  width  and  inner  diameter  of  which 
are  a  great  deal  larger  than  the  wavelength. 

The  above  listed  works  [53  -  57]  already  relate  to  the  mathemati¬ 
cal  theory  of  diffraction:  in  them  the  first  terms  of  the  asymptotic 
expansions  for  the  current  were  obtained  with  the  desire  evidently  to 
also  be  able  to  calculate  the  following  terms.  Unfortunately,  the 
asymptotic  expressions  which  have  been  found  up  to  now  refer  only  to 
currents,  and  one  is  obliged  to  calculate  the  scattering  characteris¬ 
tics  by  means  of  numerical  quadratures  [56].  As  a  consequence  of  the 
rapid  oscillation  of  the  integrands,  such  a  method  leads  to  rather 
unwieldy  calculations  and  does  not  enable  one  to  formulate  a  clear 
representation  of  the  fringing  field  formation,  and  also  does  not 
allow  one  to  study  this  field  properly. 

Millar  [58]  Investigated  the  problems  of  electromagnetic  wave 
diffraction  by  slits  in  a  flat  screen.  The  system  of  integral  equa¬ 
tions  obtained  by  him  for  the  current  is  solved  by  the  method  of 
successive  approximations.  The  field  in  the  hole  is  calculated  from 
the  currents  which  are  found,  and  then  on  the  basis  of  the  field  in 
the  hole  the  field  in  the  far  zone  and  the  transmission  coefficient 
are  calculated.  All  the  indicated  quantities  are  represented  In  the 
form  of  an  asymptotic  expansion  in  reciprocal  powers  of  the  parameter 
/ka.  A  solution  also  is  obtained  in  the  case  of  glancing  incidence 
of  a  plane  wave. 
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Let  us  note  that  the  asymptotic  expressions  obtained  by  the 
method  of  integral  equations  are  distinguished  by  their  considerable 
complexity,  and  frequently  require  tabulation  of  the  new  special 
functions  appearing  in  the  expressions. 


In  the  recently  issued  volume  of  Handbuch  der  Physlk  [50],  which 
is  devoted  to  diffraction  theory,  the  complex  characteristic  of  plane 
wave  scattering  by  a  strip  was  studied  directly,  omitting  the  calcu¬ 
lation  of  the  currents.  For  this  characteristic,  a  singular  integral 
equation  was  formulated,  the  solution  of  which  was  sought  in  the  form 
of  an  asymptotic  series  in  reciprocal  powers  of  /ka".  The  first  term 
of  the  series  corresponds  to  Equations  (6.14)  and  (6.16).  The  follow¬ 
ing  term  takes  into  account  the  interaction  of  the  edges,  and  becomes 
infinite  with  the  glancing  incidence  of  a  plane  wave  and  also  for 
observation  points  lying  in  the  strip’s  plane.  Therefore,  the  simple 
expressions  obtained  In  [503  do  not  allow  one  to  construct  the  com¬ 
plete  scattering  characteristic.  In  [50]  diffraction  by  a  disk,  a 
sphere,  and  an  infinite  circular  cylinder  was  investigated,  and  also 
a  review  of  the  general  methods  of  diffraction  theory  and  a  biblio¬ 
graphy  encompassing  a  large  number  of  works  (mainly  German  and 
American)  were  given. 


The  book  of  King  and  Yu  [593  presented  (as  a  rule  without  deriva¬ 
tion)  a  series  of  asymptotic  expressions  relating  to  a  slit  and  a 
circular  hole  and  also  to  other  diffraction  objects.  Here,  however, 
equations  from  which  one  would  be  able  to  construct  the  scattering 
characteristics  of  a  strip  and  a  disk  with  any  incidence  of  a  plane 
wave  also  are  missing. 


Works  on  diffraction  by  three-dimensional  bodies  having  edges 
are  comparatively  scarce.  In  the  paper  of  Siegel  et  al.  [4iJ,  the 

A  effective  scattering  surface  for  a  finite  cone  with  the  incidence  of 

\ 

a  plane  wave  on  it  along  the  symmetry  axis  is  calculated  from  elemen¬ 
tary  arguments.  The  expressions  obtained  here  do  not  fully  character¬ 
ize  the  fringing  field,  and  are  suitable  only  for  sharp  cones  to  which 
we  already  referred  in  §  17.  In  the  papers  of  Keller  [44],  the 


\ 
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diffraction  ray  concept  is  used  for  calculating  the  scattering  of 
scalar  and  electromagnetic  plane  waves  by  a  finite  circular  cone  with 
a  flat  base  and  also  by  a  cone  having  a  spherical  rounding  off  instead 
of  a  flat  base.  The  resulting  expressions  are  not  applicable  in  the 
vicinity  of  certain  Irradiation  and  observation  directions.  In  §  17 
we  showed  that  the  field  scattered  by  a  cone  and  by  certain  bodies  of 
rotation  is  not  expressed  only  in  terms  of  the  functions  f  and  g, 
which  refer  to  diffraction  rays  diverging  from  a  wedge  edge.  This 
result  evidently  attests  to  the  impossibility  of  complete  calculation 
of  the  scattering  characteristic  with  the  diffraction  ray  concept. 

Diffraction  problems  arising  in  antenna  theory  are  usually  dis¬ 
tinguished  by  their  great  complexity,  since  the  corresponding  metal 
bodies  (mirror,  horn,  etc.)  have  a  comfiicated  shape.  Since  the  dimen¬ 
sions  of  these  bodies  and  the  dimensions  of  the  radiating  apertures 
are  considerably  larger  than  the  wavelength,  the  application  of 
physical  diffraction  theory  to  antenna  problems  is  very  promising. 
v  only  the  first  steps  have  been  taken  in  this  direction.  Thus,  Kinber 
[60,  61]  performed  a  calculation  of  the  decoupling  and  lateral  radia¬ 
tion  of  mirror  antennas.  The  feature  specific  to  mirror  kntennas  is 
that  diffraction  rays  arising  at  the  mirror's  edge  undergo  multiple 
reflection  on  its  concave  surface.  This  multiple  reflection  was 
studied  by  Kinber  In  more  detail  as  applied  to  the  concave  surface  of 
a  cylinder  and  sphere  (62,  63]. 

Diffraction  problems  relating  to  an  antenna  dipole  —  a  thin 
cylindrical  conductor  —  are  Investigated  in  Chapter  VII,  and 
references  to  the  literature  are  also  given  there. 

In  conclusion,  let  us  say  a  few  words  about  diffraction  of  short 
waves  by  smooth  bodies.  The  basic  principles  relating  to  such  pro¬ 
blems  were  set  forth  in  the  fundamental  works  of  Pok  and  Leontovich. 
These  principles  were  established  by  the  following  methods  of 
mathematical  diffraction  theory: 


v 

1 
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1.  by  1  hr  mrt  In'.!  of  ,m  Integral  tvjuut  Ion  for  l  hr  eurrmt  on 
the  rurfaoe  of*  a  y;ooh  oomluol  !  nf.  hotly  (the  loo.nl  oharaot  or  of*  the 
flol.t  In  the  ha  l  f-ahahe  ref.  I  on.  nor  |r,*|); 

.  by  fin*  mot  lioil  ot*  ar.ymptomtle  ;.i:mml  tif  of  ill  ffraot  l.<n  art*  lea 
(I  In1  ourrrnl  on  a  paraholol.i  hSj;  thr  propafat  ton  of  rah  I o  waver, 

ahovo  the  apherloal  Karl  h  111',  t't>]); 

I.  i\\  t  hr  parahollo  equation  met hoh  (thr  propagation  of  r.tillo 
waver.  ahovr  thr  flat  [(’7  1  ami  apherloal  [ »  (*•>  |  Karth;  thr  flol.l  of 
a  plain*  eleot  roma.onet  le  wavo  In  thr  ha  1 f-ahahe  ref ton  for  any  oonvex 
t'Oiiy  [  70  0. 

Kollrr  Pl.’l,  baalnp.  hi  a  work  on  tin*  iltffraot  Ion  ray  ronrrpl  . 
oht  a  Itieh  an  expreaa  I  on  for  t  hr  t*  l « *  lit  In  a  hoop  ahahow  w  *  t  h  .11  ffraot  Ion 

hy  a  ronvox  oyllmler  with  a  variable  onrvat  m*i* .  In  t  l:o  part  !  on  I  a  r 

oar.e:.  of  an  olllptlo  ami  a  parahollo  oy!  tinier,  an  war.  r.hown  In  t  ho 

worUa  of  Vaynahteyn  ami  Koilorov  [  /l  I  ami  of  Ivanov  I  I1.!.  Keller’:; 

equation:*.  afree  with  the  reaultr.  of  the  more  rlf.orotta  maihomatlo  In¬ 
ver.  t  l  pat  Ion.  Thla  allow;;  one  to  more  preolaely  r.  t  mly  (nee  171  P  the 
oonverrlon  of  .1  1 1*  fraet  Ion  ray  a  to  oriltnary  ra.vr.  ami  vloe  v<  raa. 

The  parahollo  equation  met  hoh  .Iraorlheil  In  ao-oaltrh  ray  ooor- 
itlnater.  la  a  more  fonera l  approaoh  to  illffraotlon  hy  oonvex  Kohler. 
Thla  met  hoh  allow:-,  one  to  obtain  a  genera  I  exprorrlon  for  the  hroer. 
fur.ot  Ion  In  the  rare  of  a  olroular  oyllmler  |7.',  7'!.  Kvlhent  !v 
thlr-  met  hoh  oan  auhr.oquent  ly  he  aueeeanfu  I  l.v  applleh  a  1  r-o  to  ot  in  r 
oar.er.,  amony.  them  t  Itree-h  1  me  nr-  Iona  1  illffraotlon  problem:'-. 


FOOTNOTES 


Footnote  (1)  on  page  138.  These  calculations  were  performed 

under  the  guidance  of  P.  S.  Mikazan. 

Footnote  (2)  on  page  150.  See  the  footnote  on  page  86. 


CHAPTER  VI 


CERTAIN  PHENOMENA  CONNECTED  WITH  THE  NONUNIPORM 
PART  OP  THE  SURFACE  CURRENT 


In  the  previous  chapters,  a  theoretical  investigation  was 
conducted  of  the  field  radiated  by  the  nonuniform  part  of  the  current. 
In  this  chapter  we  will  discuss  a  method  for  measuring  this  field 
(§  26)  and  we  will  investigate  the  phenomenon  of  the  reflected 
signal's  depolarization  (5  27). 

An  experimental  method  for  measuring  the  field  from  the  nonuni¬ 
form  part  of  the  current  was  first  proposed  for  bodies  of  rotation  in 
the  paper  of  Ye.  N.  Mayzel's  and  the  author  [.  12J.  Later  it  was  shown 
that  this  method  has  a  universal  character,  and  Is  suitable  for 
measuring  the  field  from  the  nonuniform  part  of  the  current  excited  by 
a  plane  wave  on  any  metal  body  [13]. 

§  26 .  Measurement  of  the  Field  Radiated  by  the 
Nonuniform  Part  of  the  Current 

Let  an  ideally  conducting  body  of  arbitrary  shape  be  found  in 
free  space.  A  surface  element  of  this  body  is  shown  in  FI  rare  6'i. 


The  coordinate  system  was  selected  in  such  a  way  that  its  origin  would 
lie  near  the  body,  and  the  source  Q  would  be  located  In  the  plane 
x  »  0.  If  the  distance  between  the  body  and  the  source  is  a  great 
deal  larger  than  the  body's  dimensions,  then  the  incident  wave  In  the 
vicinity  of  the  body  may  be  investigated  as  a  plane  wav~.  Let  us 
represent  it  In  the  form 


(26.01) 


Here  y  is  the  angle  between  the  normal  N  to  the  wave  front  and  the 
z  axis. 


Now  let  us  place  in  front  of  the  source,  parallel  to  the  radiated 
wave  front,  a  polarizer  P  which  transformed  linear  polarized  radiation 
into  a  circularly  polarized  wave.  Let  the  wave  passing  through  the 
polarizer  with  an  electric  vector  En  lag  in  phase  by  90°  behind  the 


wave  with  an  electric  vector  E.  (Figure  70).  In  this  case,  the  polar- 

(1 ) 

izer  achieves  a  clockwise  rotation  .  As  a  result,  the  incident 
wave  field  at  the  coordinate  origin  will  equal 


•T 


—  yf  &•*’  E,m. 


(26. C’) 


The  field  scattered  by  the  body  may  be  represented  In  the  wave 
zone  In  the  following  way: 


i-i- 


*  «  .»* 


(26.03) 


where  a  is  a  certain  length  characterizing  the  body's  size  and 
and  are  unknown  angular  functions.  In  the  general  case,  the 


•■  note  appears  on  page  ’!  7^. 


Figure  69.  The  problem  of  elec- 
tromagentic  wave  diffraction  by 
an  arbitrary  metal  body. 

dS  -  is  a  surface  element  of  the 
body. 

N  -  the  normal  to  the  incident 
wave  front , 

Q  -  the  source, 

P  -  the  polarizer  converting 
linearly  polarized  radia¬ 
tion  to  a  wave  with 
circular  polarization. 


* 


e* 


Figure  70. 


field  (26.03)  is  an  elliptically 
polarized  wave.  In  the  direction 
toward  the  source  ^  — — T»  9  — — 5-^  , 
this  wave  passes  through  the 
polarizer  and  creates  behind  it 
the  field 


(26.04) 


where 


(26.05) 


If  the  source  radiates  a 
wave  of  another  polarization 
(Hq  ]_  yoz),  then  the  wave  reflected 
by  the  body  and  passing  through 
the  polarizer  is  described  at  the 
point  Q  by  similar  relationships 


(26.06) 


Now  let  us  investigate  in  the  physical  optics  approach  the 
diffraction  of  a  plane  linearly  polarized  wave  by  the  same  body. 
According  to  definition  (3.01),  the  uniform  part  of  the  current  exci¬ 
ted  on  the  body's  surface  by  a  plane  wave  with  E-polarization  of  the 
incident  wave  (EQ  J_  yoz)  equals 
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f,  —  —  £•*  («,  sin  f  +  "« cos  7)  e1*. 

/‘J  =  5j-£«n,c°sfc4. 


(26.07) 


and  with  H-polarization  (HQ  j_  yOz) 


}-//„■  n,e*. 


(26.08) 


Kere  E  _  and  H  _  are  the  electric  and  magnetic  field  amplitudes  of 
ox  ox 

the  incident  wave  with  E-polarization  and  H-polarization,  respectively; 
$  =  *(»/' sin i'a» vi  is  the  incident  wave  phase  at  the  point  (x%  y',  z’) 
on  the  body's  surface;  nx>  ny,  n2,  are  the  components  of  the  normal 
to  the  surface  at  the  same  point. 

Furthermore,  calculating  the  vector  potential  in  the  far  zone 
on  the  basis  of  this  current  and  substituting  its  values  into  the 
equations 


—  —  / 


(26.09) 


we  find  the  fringing  field.  With  E-polarization,  it  equals 

—  —  w*  =  Eo*  •  V"  •  jl".  sin  7  cos  <?-f- 

-f-  («u  sin  7  cos  ylsin  ?!  e‘*dS, 


F#  =  //#  —  i^-  E,x  ■  •  (|/\  (sin  7  c<*  *>  s!n  ?  —  cos  7  sin  *'•  - 


—  (n„  s<ti  7  n,  cos  7)  cos  ?  cos  f>]  cdS, 


and  with  H-rolarlzation 


(26.10) 

(26.10) 


-£  7-25>7:. 


)  hf> 


Ei=z— cos  9  — J  ntt‘*dS, 

ik  d**  C 

J?*  ==  H=  Ht*  -jr-J  (nu  sin  &  -f-  «« sin  <f  cos  6)  t**dS. 


(26.11) 


Here  R,  9  ,  <p  are  the  spherical  coordinates  of  the  observation  point, 
0ss^_ ftr'cosQ  ,  and  integration  is  carried  out  over  the  illuminated 
elements  of  the  body's  surface.  In  the  case  of  radar  when  the  obser¬ 
vation  and  irradiation  directions  coincide  =  T.  ?== — jf)  , 
Equations  (26.10)  and  (26.11)  yield 


and 


£,  =  -  Ht  =  -  ■—  B „  —  J(ftv  sin  T  -f 
+  n1cosY)el*</S, 


(26.12) 


—  Us  —  S*  s‘n  T  ■}" 

-f-  n,  cos  Y)  e(*  dS, 

£x  =  Ht  =  0. 


(26.13) 


Furthermore,  assuming  the  incident  wave  amplitudes  ar.  specified  by 
Equation  (26.02),  let  us  write  Expressions  (26.12)  and  (26.13)  in  the 
following  way: 


i~ 


iaE,.. 


vr  * 


_ 


r  _  u  _  «  4  «“*  v. 

r*  —  n» - 5 - 17^  ^  4  » 


yf 


(26.14) 


where 


Ps-S*=A  J(n„sinT  -f  n,  cos  t)  C*dS.  (26.15) 

Now  let  us  represent  the  angular  functions  of  fringing  field 
(26.03)  in  the  form 


FTD-HC-23-259-71 


167 


S-  V  (-S'.  \ 

r^sr  +  s*.  I 


(26.16) 


where  the  functions  £ 


£°  and  I1,  I1  refer  to  the  field  radiated  by 
jnn  Dart  of  the  current,  respectively.  Substi- 


the  uniform  and  nonuniform  part  of  the  current,  respectively.  Substi¬ 
tuting  these  expressions  into  Equations  (26.04)  and  (26.06)  and  taking 
into  account  relationship  (26.15),  let  us  find  the  fringing  field 
passing  through  the  polarizer  P  toward  the  source  Q.  In  the  case  of 
E-polarization,  it  equals 


,/»*  i  i  } 


E„~  —  Ht—  L**n  ,S>  + S')  *T  t  T, 

Et  =  //,  ^  (*^s.(3S»  +  S'  S', 


(26.17) 


and  In  the  case  of  H-polarization 


Hm  —  —  "I”  <£'  -f  S’)  *£-  e  *  , 


ill//*.  a«^  I 

~  -  (22*  +  £'  -S’,-r  .  j 


(26.18) 


The  physical  meaning  of  the  result  obtained  is  as  follows.  The 
field  scattered  by  the  body  at  the  point  Q  is  the  sum  of  two  waves 
polarized  in  mutually  perpendicular  directions.  The  reflected  wave 
which  Is  polarized  the  same  as  the  primary  radiation  of  the  source  is 
determined  by  the  function  I,  =  —  (£'  -f S')  ,  and  is  created  only  by  the 
nonuniform  part  of  the  current  .  The  reflected  wave  with  the  perpendi¬ 
cular  polarization  is  described  by  the  function  £.  —  S'  y  and 

Is  the  field  radiated  by  both  parts  of  the  current.  Let  us  note  that 
in  the  general  case  the  functions  and  do  not  coincide,  and 

therefore  they  are  not  balanced  out  in  the  expressions  for  £_.  In 
other  words,  the  field  radiated  by  the  uniform  part  of  the  current  in 
this  case  may  not  be  separated  from  the  fringing  field. 


Thus,  the  Investigated  method  allows  one  to  separate  from  the 
total  field  scattered  by  any  metal  body  of  finite  dimensions  fhat  part 
of  the  field  which  is  caused  by  a  distortion  of  the  surface  (the 
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£**r**— >  •>  . 


\ 


\ 


curvature,  a  sharp  bend,  a  point,  a  bulge,  a  hole,  etc.).  One  should 
note  that,  in  the  case  of  electromagnetic  wave  scattering  by  a  system 
of  separate  bodies,  the  separable  part  of  the  field  is  due  not  only 
to  the  surface's  distortion,  but  also  to  the  diffraction  interaction 
of  the  bodies. 

It  is  necessary,  however,  to  keep  in  mind  that  it  is  possible  to 
realize  the  indicated  fringing  field  distribution  not  in  an  arbitrary 
observation  direction,  but  only  in  a  direction  for  which  the  condition 
1°  *  -7°  is  fulfilled  —  for  example,  in  the  direction  towards  the 
source. 

Consideration  of  the  nonuniform  part  of  the  current  also  enables 
one  to  explain  the  reflected  wave  depolarization  which  we  will  inves¬ 
tigate  in  the  following  section. 

(2 1 

Figure  71  presents  the  results  of  measurements'  '  and  calculations 
of  the  effective  scattering  surface 


==«**!!♦  |*=  -i-w«iS‘  +  E 


«i* 


(26.19) 


which  is  dependent  upon  the  nonuniform  part  of  the  current  excited  by 
a  plane  electromagnetic  wave  on  a  disk.  The  disk's  diameter  equals 
2a  =  “  (X  is  the  wavelength).  The  calculations  were  performed  with 
consideration  of  the  secondary  diffraction  on  the  basis  of  the  approxi¬ 
mation  equations  for  the  functions  E  and  E  which  were  derived  in  §  24. 
Since  it  is  difficult  to  prepare  a  thin  disk  with  a  sufficiently  flat 
surface,  the  measurements  were  performed  with  an  obtuse  cone  close  to 
the  shape  of  a  disk  and  having  a  height  approximately  equal  to  one 
tenth  of  the  dxaieter. 


As  is  seen  from  Figure  71,  the  theoretical  and  experimental  curves 
are  fairly  close  together.  A  certain  divergence  between  them, 
especially  in  the  region  of  y  values  close  to  90°,  may  evidently  be 
explained  both  by  the  model's  conical  shape  and  also  by  the 

^Footnote  appears  on  page  174. 
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Figure  71.  Diagram  of  the  radiation  from 
the  nonuniform  part  of  the  current  flowing 
on  a  disk. 


approximation  character  of  the  computational  equations.  The  value 
y  «  90°  corresponds  to  the  direction  along  the  disk's  surface,  and 
the  value  y  «  0°  —  to  the  direction  normal  to  the  disk. 


Reflected  Wave  Depolarization 


Let  us  again  return  to  the  problem  of  scattering  of  an  electro¬ 
magnetic  wave  by  an  arbitrary  metal  body.  The  relative  position  of 
the  source  Q,  of  a  surface  element  of  the  irradiated  body,  and  of  the 
coordinate  system  is  shown  in  Figure  69.  Let  ur.  recall  that  the 
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source  Q  is  in  the  plane  yOz ,  and 
radiates  a  linearly  polarized  wave 
Furthermore,  we  shall  assume  that 
the  polarizer  P  which  is  shown  in 
Figure  69  is  now  absent. 

Let  us  designate  by  a  the 
angle  between  the  plane  yOz  and 
the  incident  wave  electric  vector 
Eq  (Figure  72).  The  field  of 
this  wave  will  be  represented  in 
the  form 

Ex  =  H0t  =  E,xt,k{y  ""  »♦*  P 
i j  ^  p  fj  /><|f*ln  i-fnoi  ||  (27.01) 

***  —  —  Cjj  —  l  >  txc  , 

where 

=  HtM  =  —  /?,cosa, ~  s=  tga.  (27.02) 

®T 

The  field  scattered  by  the  body  is  determined  in  the  wave  zone 
by  the  equations 

Ef  =  -//,  =  £  [£,;e, 

+  //..s.(T.».f)l-V*  ' 

£#==//?=-£[£,xS,(T.  ».?)  + 

+  tf.,S,(T.  »,?)1-^. 

'  (27.03) 

Here  a  is  a  certain  length  characterizing  the  body's  dimensions,  R, 

•  ,  (j)  are  the  spherical  coordinates  of  the  observation  point, 

E,.,(T,  ?)  and  S,,,(f,  &,  ?)  are  unknown  angular  functions. 

It  is  obvious  that  the  fringing  field  polarization  —  that  is, 
the  orientation  of  its  electric  vector  in  space  —  depends  in  a  com¬ 
plex  way  on  the  observation  and  irradiation  directions.  In  the 


Figure  72. 
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direction  toward  the  source,  it  may  not  coincide  with  the  polarization 
of  the  wave  radiated  by  the  source.  Such  a  phenomenon  is  called 
reflected  wave  depolarization. 


It  is  easy  to  establish  the  reason  for  depolarization,  if  one 
investigates  the  fringing  field  as  the  sum  of  the  fields  radiated  by 
the  uniform  and  nonuniform  parts  of  the  current.  According  to  S  26, 
the  uniform  part  of  the  current  radiates  the  following  field  in  the 
direction  towards  the  source  ^=*  —  7.  ?  =  — 


(27.04) 


The  functions  E*3  and  E°  satisfy  the  condition  E°  *  -E°,  and  are  de¬ 
scribed  by  Equation  (26.15).  Prom  Equation  (27.04),  let  us  immediately 
obtain  the  equality 


(27.05) 


which  means  that  In  the  physical  optics  approach  the  reflected  wave 
does  not  experience  depolarization.  Consequently,  the  reflected  wave 
depolarization  Is  caused  only  by  the  nonuniform  part  of  the  current 
or.  In  other  words,  by  the  surface  distortion. 


Let  us  derive  an  equation  for  the  magnitude  of  angle  6.  This  is 
the  angle  by  which  the  electric  field  vector  of  the  reflected  wave  Is 
turned  in  respect  to  the  electric  vector  of  the  wave  radiated  by  the 
source.  For  this  purpose,  let  us  represent  the  functions  ^(2)  and 

El(2)  in  the  form 

-t  U  =s£l)  +  s!(,r  I  (27.06) 


where  the  terms  E^2)  and  ^1(2) 
the  uniform  part  of  the  current 


correspond  to  the  field  radiated 
,  and  the  terms  and 


by 


\ 
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correspond  to  the  field  radiated  by  the  nonuniform  part  of  the  current. 
Comparing  Expressions  (27.04)  and  (27.03),  we  find  that 

2*=0.  ) 

S®=sO,  =  j  (2 7.07) 

Therefore,  the  field  scattered  in  the  direction  towards  the 
source  =  «  —  y,  f= — will  equal 

£,  =  -//,=  £  |£„  (£•  +  v.}  +  j  | 

^  |£,xs;  _  Htx  (E*  -  v|)j  .  I  (27.08) 

This  field's  electric  vector  forms  an  angle  6  with  the  yoz  plane. 

The  angle  6  is  determined  by  the  equation 


_£•»+ Sj-Ejclg. 


(27.09) 


As  a  result,  the  desired  angle  6  which  characterizes  the  depolarization 
magnitude  will  equal 

«  =  *-?•  (27.10) 


Thus,  the  field  from  the  nonuniform  part  of  the  current,  separable 
"in  a  pure  form"  by  means  of  a  polarizer  (5  26),  leads  to  depolari zation 
of  the  scattered  radiation. 

Specific  results  from  the  depolarization  calculation  of  waves 
reflected  from  certain  bodies  may  be  found,  for  example,  in  the  works 
of  Chytil  [75  -  77]  and  Beckmann  [78].  In  particular,  in  Reference  [77] 
it  was  shown  that  the  depolarization  effect  on  the  effective  scatter¬ 
ing  surface  of  convex  bodies  in  practice  may  be  neglected  only  with 
the  condition  ka  >  4. 

'Xj 
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FOOTNOTES 


Footnote  (l)  on  page  164. 


Footnote  (2)  on  page  169. 


A  system  of  metal  r -ates  parallel 
to  the  eT  vector  may  serve  as  the 

simplest  example  of  such  a 
polarizer. 

See  the  footnote  on  page  86. 


/ 
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CHAPTER  VII 


DIFFRACTION  BY  A  THIN  CYLINDRICAL  CONDUCTOR 


In  almost  all  the  works  devoted  to  the  diffraction  of  plane 
electromagnetic  waves  by  a  thin  cylindrical  conductor,  the  current  in¬ 
duced  in  the  conductor  was  studied,  and  then,  by  integrating  this 
current,  the  fringing  field  in  the  far  zone  was  calculated*  However, 
in  view  of  the  complexity  of  this  problem,  they  succeeded  in  obtain¬ 
ing  relatively  simple  equations  only  in  the  particular  case  when  the 
observation  direction  and  the  direction  toward  the  source  coincided, 
and  was  perpendicular  to  the  conductor  axis.  In  the  general  case 
when  these  directions  did  not  coincide  and  were  arbitrary,  the  expres¬ 
sions  for  the  fringing  field  became  very  complicated  and  unsuitable 
for  making  calculations.  Since  they  were  obtained  by  integrating 
approximation  expressions  for  the  current,  it  turns  out  that  they  have 
still  one  other  shortcoming  —  they  do  not  satisfy  the  principle  of 
duality. 

In  this  chapter,  explicit  expressions  are  obtained  for  the 
fringing  field  which  are  suitable  for  making  calculations  with  any 
direction  of  irradiation  and  observation.  We  shall  consider  both  the 
primary  edge  waves  excited  by  the  incident  plane  wave  and  also  the 
secondary,  tertiary,  etc.  edge  waves.  The  total  fringing  field  is 
found  by  summing  all  the  diffraction  waves. 
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§  28 .  Current  Waves  In  an  Ideally  Conducting  Vibrator 


The  electrodvnamic  problem  of  determining  the  current  In  thin 
cylindrical  conductors  (vibrator)  usually  Is  reduced  to  an  integro- 
differentlal  equation.  The  latter  is  derived  by  means  of  boundary 
conditions  on  the  conductor  surface,  and  is  substantially  simplified 
in  the  case  of  thin  conductors  when  the  inequalities 

•£<1  and  Aa<l.  (28.01) 

are  fulfilled,  where  a  is  the  radius  and  L  is  the  length  of  the 
conductor  and  k  . 

*  e 

Its  solution  may  be  found,  for  example,  by  the  method  of  succes¬ 
sive  approximations  [79,  80]  or  by  the  perturbation  method  [85). 
Recently,  Vaynshteyn  [8l,  82]  proposed  a  new  solution  for  this  equation. 
Since  we  will  subsequently  base  our  work  on  the  results  of  References 
[81,  82],  let  us  discuss  them  in  more  detail. 

Let  us  assume  that  the  vibrator’s  symmetry  axis  coincides  with 
the  z  axis,  and  its  ends  have  the  coordinates  z  *  and  z  *  z? 

(L  ■  z2  -  z^).  In  the  case  of  excitation  of  the  dipole  by  a  concen¬ 
trated  external  field 

£J=53(*)  (28.02) 

the  current  J(z)  in  the  conductor  may  obviously  be  written  in  the  form 
of  the  sum  of  the  waves  travelling  along  the  conductor  with  a  velocity 
c  from  the  excitation  point  z  =  0  and  the  ends  z  =  and  z  *  In 

Reference  [8l]  it  was  shown  that  the  complex  amplitudes  of  these  waves 
are  slowly  varying  functions  of  the  z  coordinate.  These  functions 
may  be  approximately  expressed  in  terms  of  the  function  ip(z),  so  that 
we  obtain  the  following  expression  for  the  current  J(z): 

Hz) = J,  I*  (I  * !)  e“ 1  • '  +  At  t  <*  -  *,)e”  '*-■’+ 

—  *)  (28.03) 
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Here  the  quantity 


4=  -e %  .  T=  1.781...  (28.04)  / 

determines  the  initial  value  of  the  current  wave  propagated  from  the 
excitation  point  The  function  *j/(z)  is  the  solution  of  the  inte¬ 

gral  equation,  and  in  addition  to  the  variable  z  it  also  depends  on 
the  parameters  k  and  a.  We  will  not  list  here  all  the  properties  of 
the  function  iji(z),  but  let  us  note  only  that  it  satisfies  the 
conditions 

>{>(oo)==0,  (28.05) 

and  its  absolute  value  monotonically  decreases  with  an  increase  of  z. 
This  decrease,  which  is  rather  slew  and  does  not  have  an  exponential 
character,  is  due  to  radiation. 

The  constants  A^  and  A 2  determine  the  initial  values  of  the 
current  waves  originating  at  the  points  z  *  z^^  and  z  =  z2,  respectively 
and  travelling  in  the  direction  towards  the  opposite  end  of  the 
conductor.  These  constants  wre  found  from  the  conditions  at  the 
conductor  ends 

=  0  (28.06) 

and  equal 

=  -  -  ik'''  \ 

7/  I* “  * <- *•> ♦  <*•> *-**>“*  J 

where 

^Footnote  appears  on  page  216. 


(28.07) 


(28.08) 
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Considering  that  the  quantity  1/D  is  equal  to  the  infinite  geo¬ 
metric  progression, 


= i  + •  •  •  . 

Expression  (28.03)  may  be  written  in  the  expanded  form 


/(/)  =  /.  ^  (I  x  |)e‘* *,)  ^  (z-z.) 

-  f  (I)  erti +(z,-z)  1*  (i)  e*M  *  (z  - 

-  z.)  (z.)  e,to*  (t  (zt  —  z)  e‘ **'-*'_ 

— t  (Z.)e,M  t  (z  -  z  J 
+  r  (z,  -  z)  e*"-**-  . .  .J). 


(28.09) 


(28.10) 


The  physical  meaning  of  Expression  (28.03)  is  seen  from  this.  The 
first  term  in  Equation  (28.10)  is  the  primary  current  wave  which  coin¬ 
cides  with  the  wave  excited  by  a  concentrated  emf  in  an  infinitely 
long  conductor.  The  second  term  (in  all  brackets)  corresponds  to  the 
current  resulting  from  the  reflection  of  the  primary  current  wave 
from  the  conductor  end  z  a  z^,  and  as  a  result  of  subsequent  reflec¬ 
tions  from  the  conductor  ends  which  arise  from  this  wave 
—  /•M— *i)e' '**’$(*  ~  .  The  third  term  (in  all  brackets)  corre¬ 

sponds  to  the  current  resulting  from  the  reflection  of  the  primary 
wave  from  the  end  z  =»  and  as  a  result  of  the  subsequent  reflections 
froij  the  conductor  ends  arising  from  this  wave  ~ 

It  also  follows  from  Equation  (28.03)  that  external  field  (28.02) 
excites  In  the  semi-infinite  conductor  (*,<*<  x>)  the  current 

(28.11) 

and  in  the  semi-infinite  conductor  (--«»<z<z1)  the  current 

J(z)  =  /,  (|  z  [)«'* t  (2,  -  2)  e"  (28.12) 


Comparing  these  expressions  with  the  proper  terms  in  (28.10),  we  see 
that  the  reflection  of  all  the  current  waves  at  the  end  of  a  finite 
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length  vibrator  occurs  in  the  same  way  as  at  the  end  of  a  ser.i-ir.fini 
conductor. 

In  the  case  of  a  passive  vibrator  excited  by  the  plane 

wave 


E\  ~  F.^"\  »  --  —  k  cos  (23.1? ) 

the  current  also  is  represented  in  the  form  of  the  sum  of  waves  (see 

[82]) 

J{t)  =  S  [e  "  -  iJz  -  - 

-t»  (*,  -  *)  e'“',+‘*  H*-*»  -M,  *  (;  -  *,)  c*" -*■»+ 

+  *,♦**.-*)  ^"*■*1.  (25.14) 

v/here  the  first  term  corresponds  to  the  current  excited  by  a  plane 
wave  in  an  infinitely  long  conductor.  Its  complex  amplitude  S  equals 

_ »■»£»■ _ 

.  (25.15) 


The  second  and  third  terms  are  primary  edge  waves  arising  as  a  conse¬ 
quence  of  the  cut-off  of  the  current  Se^""“.  They  are  expressed  in 
terms  of  the  functions  <4  +  (z)  and  -  (z)  which  depend,  in  addition 
to  the  variable  z  and  the  parameters  k  and  a,  on  the  angle  ®  .  These 
functions  satisfy  the  relationships 


M°)=i’  **<“>-0. 

<*>  I  *=.  =  *-  (*)  |  »=d =*(*). 
♦•(*)!#«•=*-  (?>  !*=,=*• 


: ? .16) 


The  initial  values  of  the  primary  edge  waves  are  such  that  their  sum 
■* 

with  the  wave  Se~  gives  a  current  equal  to  zero  at  the  conductor 
ends . 

The  last  two  terms  in  Equation  (23.14)  correspond  to  secondary , 
tertiary,  etc.,  edge  waves,  and  have  the  same  form  as  they  do  for  a 


17? 


transmitting  vibrator  [compare  Equation  (^6.03)].  The  unknown  coeffi¬ 
cients  5(^  and  ^  arc  found  from  Conditions  (28.06)  and  equal 


”  t-  (£■)  't  [L) e<<*~ s 


—  v*  (Z.)  (Z.)  e"*  *'~>t |  e'1*'". 


(28.17) 


Using  equality  (28.09),  Expression  (28.14)  may  be  written  in  the  more 
graphic  form 

J(z)  =  Sit1-'1  -*_<*-*,)  j 

+  *.  ( L )  e'-,,+,*t  [*  (?t  _  2) 

-H‘(I)eJ,“.;,(2t  -*>  - . .  .1  - 

+  *♦  (*)  ft  U  -  *,)  t1*1-"- . 

-HL)e,uni,-z)t"'1*-«+ 

-f  *•  (L)  t*n  *(2  T  ?,)*'* "-*l)  -  . .  .J}.  J 


(28.18) 


iwz 


Here  besides  the  wave  Se  and  the  primary  edge  waves,  which  we 
talked  about  in  connection  with  Equation  (28.14),  the  secondary,  ter¬ 
tiary,  etc.  waves  diverging  from  the  ends  s  =  z^  and  z  =  z-,  are 
explicitly  written  out;  they  correspond  to  the  first,  second,  etc. 
terms  in  the  graphs. 


Passing  to  the  limit  in  Equation  (23.14)  when  zr 


>,  we  find 


the  current  in  the  semi-infinite  conductor  (: 


>) 


J(z)  ---  5•|c",‘,  —  <J<_  (7  —  z,)e‘ 


iu ,,+!*(;  -*,)  i 


(28.19) 


and,  similarly,  we  find  the  current  in  the  semi-infinite  conductor 

(-“»  z2) 


\ 


J(z)  -=S[e>“'  -  (2,  -  2) 


(23.20) 
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It  is  not  difficult  to  see  that  in  the  case  of  a  passive  vibrator 
the  reflection  of  current  waves  at  its  ends  occurs  in  the  same  way  as 
at  the  end  of  a  semi-infinite  conductor. 

Thus ,  the  complex  amplitudes  of  current  waves  in  a  thin,  finite 

length  conductor  are  proportional  to  the  function-  *(s)  and  ij/+(z) 

which  raonotonically  decrease  with  an  increase  of  z  as  a  consequence 

of  radiation.  Let  us  note  several  properties  of  current  waves  in  a 
vibrator.  Each  advancing  wave  in  sum  with  the  reflected  wave  excited 
by  it  gives  a  zero  current  at  the  conductor's  end.  In  the  case 
'L=*rt~gt  %-«-£-(«  —  1 ,  2. 3  ...)  and  D  ^  0,  a  current  resonance  begins  in 
the  vibrator. 

The  precision  of  Expressions  (2S.03)  and  (28.1*1)  obtained  by  the 
method  of  slowly  varying  functions  is  different  in  various  sections 
of  the  conductor.  It  is  comparatively  low  near  the  conductor's  ends 
(and  in  the  vicinity  of  the  point  z  =  C  of  a  transmitting  vibrator) 
where  the  current  waves  arise,  and  where  their  complex  amplitude  varies 
rather  rapidly.  As  the  distance  from  these  vibrator  elements  increases , 
the  precision  of  these  equations  increases  without  limit. 

It  should  be  stated  that  with  a  more  rigorous  approach  f7°,  90] 
the  amplitudes  of  all  the  reflected  waves  will  be  determined  by  dif¬ 
ferent  functions;  however,  the  difference  between  them  rapidly  decreases 
with  an  increase  of.  the  reflection  number.  The  functions  iji(z)  and 
ij/±(z)  only  approximately  describe  these  current  waves,  but  on  the  other 
hand  they  allow  one  to  effectively  sum  them  and  to  obtain  closed 
equations . 

Using  the  variational  method  for  the  functions  4>(z)  and  d,U'), 
we  obtained  the  approximate,  but  on  the  other  hand,  simple  equal  ions 
(see  r?3J) 


In 


—  1 
t’? 


♦<*>*— 5 U - 

In  — ~ - 


(98.21  ) 


(Equation  continued  on  next  i\>ge> 
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The  equations  written  above  for  the  current  in  a  finite  conductor 
are  distinguishable  by  their  visuallsabllity ,  and  they  enable  one 
to  liken  the  conductor  to  a  section  of  a  transmission  line  in  which, 
however,  the  attenuation  of  the  current  waves  takes  place,  not  accord¬ 
ing  to  an  exponential  law,  but  according  to  a  more  complicated  law 
which  is  determined  by  Equations  (28.21).  In  addition,  the  diffraction 
character  of  the  problem  is  reflected  in  the  equations.  The  conductor's 
specific  features  as  a  diffraction  object  are  included  in  the  very 
slow  attenuation  of  the  current  waves.  As  a  consequence  of  this,  it 
is  impossible  to  limit  oneself  to  considering  only  secondary  and 
tertiary  diffractions,  and  It  is  necessary  to  sum  all  the  reflected 
waves.  As  a  result  of  such  a  summation,  a  "resonance  denominator" 

D  appears  which  takes  into  account  the  resonance  properties  of  a 
thin,  finite  length  conductor. 
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§  29.  Hadlation  of  a  Transnl ttlng  Vibrator 


The  radiation  characteristic  of  a  transmitting  vibrator  may  be 
calculated  from  a  known  equation  by  integrating  the  currents  in  it. 
However,  such  an  approach*  is  not  advisable  because,  as  was  indicated 
above,  the  precision  of  Equations  (28.03)  is  different  in  different 
parts  of  the  conductor,  and  is  low  near  its  ends  (z  =  z^  and  z  =  z^) 
and  the  point  z  =  0.  The  principle  of  duality  gives  more  precise 
results.  This  principle  leads  to  the  following  expression  for  the 
radiation  field  in  the  far  zone  [82]: 


2  sin  0  In 


•/(*). 


ika  sin  # 


=  0. 


The  function 


(29.01) 


/ (8)  =  1  -  9 .  Ka) e1*'*" • *' - !_(-  z,) e~'*A *'  +C0‘ *»  + 

-f- ** -4- (/-> e - (29.02)  (29-02) 


is  connected  with  the  current  (28.1^)  excited  in  a  vibrator  by  plane 
wave  (28.13)  by  the  relationship 

J(0)-Sf(0),  (29.03) 


The  coefficients  B^  and  B ^  do  not  depend  on  the  angle  0  . 


Expression  (29.02)  enables  one  to  trace  the  formation  of  the 
radiation.  The  first  term  (one)  is  the  radiation  field  of  an  infinitely 
long  conductor  excited  by  a  concentrated  emf.  Propagating,  in  the 
direction  0  =0,  this  field  reaches  the  conductor's  end  z  =  and 

—  being  diffracted  by  it  —  generates  a  primary  edge  wave  (the  second 
term).  In  a  similar  way,  the  primary  edge  wave  diverging  from  the 
conductor's  end  z  =  z^  is  excited  (the  third  term).  The  last  two  terms 
in  Equation  (29.02)  determine  the  waves  arising  as  a  result  of  subse¬ 
quent  diffraction  (secondary,  tertiary,  etc.).  The  amplitudes  H  and 
of  these  waves  may  be  found  from  the  conditions 
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/(®)-=/  o. 


(29.04) 


which  means  that  the  radiation  of  a  finite  conductor  in  the  direction 
of  its  geometric  extension  must  be  ea.ual  to  zero.  These  conditions, 
together  with  a  consideration  of  the  relationships  (28.05)  and  (28.16), 
lead  to  the  system  of  equations. 


Mi)  +  -  *(*.)  «“**.  / 

from  which  we  find  without  difficulty 

B,  =  i 

B,  =  -o  I *  W  -  t  <£)  ***  ■ 


(29.05) 


(29.06) 


Keeping  in  mind  (28.09),  let  us  represent  the  functions  f (  !»  )  in  a 
more  graphic  form 


/(»>==  1  -  * ♦  (*,)  c<w"'  C0‘  #>  +  V  (/,)  e‘* ,U'*’  X 
X  (•>.  t0‘  *  -  y  (L) e'*'  (i)e-‘-eM  *  + 

-j-  (L)  e5'*^.  [L) 

-  *.  (-?1)e-'>'<,,+c'”  »».f  ;(-71)e,*,1-,JX 
X  [*♦  (L)e~'*',c'"  c;*‘  -J.  (Z.)e  '*''"*  *+ 

-f  (I)  (£)  *-  - . . .].  (29.0?) 

where  the  secondary,  tertiary,  etc.  waves  corresponding  to  the  first, 
second,  and  following  terms  in  the  brackets  are  explicitly  written 
out . 


Thus,  the  field  radiated  by  a  transmitting  vibrator  arises  as  a 
result  of  multiple  diffraction  of  edee  waves  at  the  vibrator's  ends. 
Let  us  note  in  connection  with  this  that  the  edge  wave  is  diffracted 
by  the  opposite  end  of  the  vibrator  in  the  same  way  as  at  the  end.  of 
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a  corresponding  semi-infinite  conductor.  It  is  not  difficult  to 
establish  this 'by  investigating  the  radiation  of  a  semi-infinite 
conductor  excited  by  a  concentrated  emf. 


§  30.  Primary  and  Secondary  Diffraction  by  a 


Passive  Vibrator 


Let  a  plane  electromagnetic  wave  fall  at  an  angle  Oo  on  a  thin 
cylindrical  conductor  of  length  L  =  Zj  -  and  radius  a  (Figure  73). 
For  purposes  of  generality,  we  will  consider  that  the  incident  wave ' s 
electric  field  E(J  forms  an  angle  a  with  the  plane  of  the  figure. 

Then,  its  tangential  component  on  the  conductor  surface  will . equal 


where 


E„  —  E  sin  /TJ=  E,  Cus  a,  Vcos&,.  (30.02; 

The  current  induced  in  the  vibrator  by  this  field  was  investigated 
by  us  in  §  28.  As  was  already  indicated  above.  Expression  (28.14) 
which  was  obtained  for  it  has  a  relatively  low  precision  near  the  con¬ 
ductor  ends.  Therefore,  it  is  inadvisable  to  seek  the  fringing  field 
by  integration  of  the  current.  Let  us  also  note  that  the  fringing 
field  found  by  such  a  method  does  not  satisfy  the  principle  of  duality. 


We  shall  seek  the  scattering  characteristic  of  a  passive  vibrator 
by  starting  from  the  follow,  ng  scattering  picture  which  naturally 
follows  from  the  previous  results.  An  incident  plane  wave,  being  dif¬ 
fracted  at  the  conductor  ends,  excites  primary  edge  waves  which  are 
radiated  into  the  surrounding  space.  Being  propagated  along  the  con¬ 
ductor,  each  of  these  waves  experiences  diffraction  at  the  opposite 
end  of  the  conductor  and  excites  secondary  edge  waves.  The  latter, 
in  turn,  generate  tertiary  edge  waves,  etc.  The  total  fringing  field 
is  comprised  of  the  sum  of  all  the  edge  waves  being  formed  during 
sequential  (multiple)  diffraction  at  the  conductor's  fends. 
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In  5  28  and  29,  we  not  ea  that  current  waves  are  reflected  from 
the  ends  of  a  finite  length  conduct  r  the  same  as  from  the  end  of  a 
semi-infinite  conductor,  and  that  the  diffraction  of  these  waves  at 
each  end  takes  place  in  the  same  way  as  at  the  end  of  a  semi-infinite 
conductor.  Therefore,  the  primary  edge  waves  may  be  found  from  the 
problem  of'  scattering  of  a  plane  wave  by  the  semi-infinite  conductor 
(s-,,  «)  and  the  conductor  (-*,  z3).  The  sum  of  such  waves  fives  the 
primary  diffraction  field 


(30.03) 


where 


•  it  n, 

.  .in  <£  ’ 2 

■i  <CO»  *  \  <£  »,»  't»< ~ *  >  •>* 


l-il  1 1«  I'  tT(«i  \) 

-  i  V  O  I  i*,  l 


(  ®  2  ^  2  _ _ _  ^  ■  ie,  icu.  •  *  co» 

2  (co«  It  +  !*,)<!>(*  co«  1*. 


(30.04)  ' 


The  function  ‘D(®,  cc0)  may  be 
calculated  by  means  of  the  rigor¬ 
ous  solution  to  the  problem  of  a 
semi-infinite  vibrator  (see  [82] 

§  3  and  [33]  §  4),  and  in  this 
case,  it  satisfies  the  relatio.n- 


Figure  73.  The  incidence  of  a  ship 

plane  wave  on  a  thin  cylindrical 
conductor;  *•  is  the  incident 
angle . 

!£,*<>(  -  S'.  —  u,|  • 
V  —  )/  k*  —  X’5 ,  } 


!l» 


2 i_ 

I'7." 


I 

I 


(30.05) 


However,  henceforth  it  will  not  be  necessary  to  have  the  rigorous 
expression  for  the  function  $.  Let  us  note  that  Equations  (30.03) 
and  (30.04)  are  similar  to  Expressions  (6.13)  for  a  strip.  These 
latter  expressions  do  not  take  into  account  secondary  diffraction. 
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The  secondary  edge  wave  propagated  from  the  end  s  =  Z-,  is  ex- 

£, 

cited  during  diffraction  at  this  end  of  the  primary  current  wave 

•  -  S-£  (z  - ,i)efc-v.*,*u-*.>>  ( ;i0 . 06  ) 

where  by  t(\(z)  we  mean  the  functions  obtained  from  the  functions  ^+(z) 
by  replacing  »  by  \  .  For  the  purpose  of  calculating  the  desired 
secondary  waves,  it  is  necessary  for  us,  first  of  all,  to  find  that 
external  field  which,  when  applied  to  an  infinite  conductor 
(-  -  ,  would  excite  the  current  (30.06)  on  its  section  (*,  <2  *.  <x>)  . 

For  this  purpose,  let  us  study  the  current  induced  in  an  infinite 
conductor  by  the  external  field 


£ 


•0 

9 


£.,e‘-'  sbr 


1 1  wltn  ?<.?, 
\o  with?  >*,. 


(30.07  ) 


Let  us  assume  that  u>Q  has  a  small  negative  imaginary  part  (Im  £  0). 
We  may  regard  the  quantity  £„v‘v,idt  as  a  concentrated  emf  which,  in 
accordance  with  equation  (28.03),  creates  in  an  infinite  conductor 


_(£•*_ -0(i  7  —  Co ' '*  l~:' dt- 


(30.08) 


Therefore,  in  accordance  with  the  principle  of  superposition,  the 
total  current  created  in  the  region  by  the  external  field 

(30.07)  will  equal 


.1(7)  =  C^',  -  *f  i  (7  -  -  t)  '*  ,K  -  -- 

*  '*  jfiT 
* 

e*‘v.  i'  •{,(;) 

Jz, 


( 30.00) 


The  resulting  integral  may  be  expressed  in  terms  of  the  functions 
4>(z  -  Zj)  and  y^(z  -  z^ ) ,  and  the  corresponding  relationships  derived 
in  5  2  of  [82].  As  a  result,  we  find 
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m  =  — ^*4— r  ♦  -  *.>  *' - 

- ££i^_ - 

5/*  >!■'  *,  la - p 

jfaeot  -y- 


(30.10) 


Thus,  It  turns  out  that  external  field  (30.07)  excites,  in 
addition  to  the  wave  i|»^,  also  the  wave  ip.  In  order  to  excite  a  "pure" 
wave,  it  i3  necessary  obviously  to  apply  an  additional  external 
field 


(30.11) 


such  that 


d..t 


«/*  *in»  -y-  la  ^ 


4tn 


T*« 


(30.12) 


Hence, 


E.y 


,'-v. 


2i*  jin’  -- 


(30.13) 


In  order  that  the  sum  of  external  fields  (30,07)  and  (30.11)  would 
create  the  current  (30.06),  it  is  still  necessary  to  fulfill  the 
equality 


_ _  _  cEft _ _ 

2/*  jin*  i>.  In - - jj-  - 

7*«  co»  -j- 


iuE„ 


2/ 


2*.  5in. 


(30.1U) 


which  determines  the  quantity 
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Now  let  us  study  the  diffraction  of  current  waves  (30.06)  by  the 
semi-infinite  conductor  (-«,  Z£).  For  this  purpose,  let  us  use  the 
Lorentz  lemma  [*)] 


\  ( %  Ej-r  rif.U'l'  -0. 


(30.19) 


Here  /<op, ' ( R  -R'>  is  the  current  of  the  auxiliary  dipole  with  the 

moment  px  which  is  located  at  point  1  with  the  coordinates  (R,  a); 
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Is  it3  field  on  the  conductor  surface,  where  the  external  currents 

are  specified;  ^  is  the  field  created  by  these  currents  at  point  1 
(Figure  7*0. 


Figure  74. 


The  external  current  is 
determined  by  the  well-known 
equation 


(30.20) 

in  terms  of  the  electric  field  E 
on  the  conductor’s  surface.  In 
view  of  the  boundary  condition 


£,  +  £;=<>  (30.21) 


we  have 


(30.22) 


Furthermore,  defining  the  dipole  moment  in  terms  of  Its  field 
in  free  space  (at  the  point  x®y*z»0) 

£o,  =  "  sin  »  (30.23) 

and  changing  from  the  magnetic  intensity  to  the  total  current 

7=  «.//„.  (30.24) 


induced  by  the  dipole  in  the  conductor,  we  obtain  from  the  Lorentz 
lemma  the  following  relationship: 


k' s  In  l> 
<w£o* 


j  £*  J(z)dz. 


(30.25) 


If  the  dipole  is  moved  to  a  distance  R  >>  -  Zq»  then  the 

field  radiated  by  it  may  be  Investigated  on  the  section  z ^  of 
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the  semi-infinite  conductor  (-®,  z~)  as  a  plane  wave.  Then  the 

d 

current  induced  in  this  section  of  the  conductor  will  be  determined 
by  the  equation 

J{2) -- S' (Z, _ 2)e'* (  30 . 26 ) 


where 


S’  = 


2/ 


w~  —  k  cos  9. 


2*,,,ftMla7*nninr 


(30.27) 


We  will  select  the  quantity  zQ  in  such  a  way  that,  at  a  distance 
Zg  -  Zq  from  the  conductor  end,  the  reflected  current  wave  would  be 
practically  equal  to  zero  (<{>♦  (*,  —  ?,) » 0)  .  Substituting  the  function 
(30.26)  into  the  right-hand  member  of  Equality  (30.25)  and  taking  for 
the  quantity  the  external  field  (30. 16),  we  obtain 


X 


2  sin  Mo  -1 


\ka  sin  ft 


2iio»ln 


2i 

jAaiiaft 


+  £«* 


/(K-j-Oj 


(30.28) 


An  important  feature  of  this  relationship  is  that  the  integration 
is  performed  here  not  along  the  entire  conductor  (-«,  z2),  but  only 
along  part  of  it  (-»,  z.^),  where  the  function  <M*,—  ?)  describes  the 
current  with  good  precision.  The  integrals  here  are  calculated  the 
same  as  in  Equation  (30.09).  As  a  result,  the  field  radiated  by  the 
semi-infinite  conductor  (-<»,  will  equal 


2  jio»la 


2i 

sml 


(Equation  continued  on  next,  page) 


FTD-HC-23-259-71 


191 


y  I  I  fc"?|  I  (  /  t 

X|<s|e  V,ll->e  J  ,*{c0sii+co*  itj' 


.  • .  1 

sin*-,,  la - — 


*  ii(co*» -f  cos  !'^ 


2  »  1\ 
K^dsin-s*  I 

V*..,. c:wl» 

‘s'®  #,  J' 


(30.29) 


fta  cot  ~2 


Tin*  terms  in  the  braces  having  the  phase  factor  e  correspond  to 
the  desired  secondary  wave  diverging  from  the  conductor's  end  z  *  z 
Using  Equations  (30.13)  and  (30.15),  this  wave  may  be  represented  in 
the  form 


e? (*,)-/*,  (*.) 


S^UxV  e,M  -l»,,  cos* 

2j  ~  #~e  * 

2,In#ln7*d  siaT 


(30.30) 


rw- - - - 55—  X 

*  si n  \( cos  8  +  cos  \) In  ^ 

X  [cos*  *-£  cos*  4  In - L_t+(i)_ 

-  sin*  sin*  la - ^  £(  1)1 . 

Tta  sia  -y  I 


(30.31) 


Tn  a  similar  way,  let  us  find  the  secondary  diffraction  wave 
being  propagated  from  the  end  z  =  z^.  In  order  to  do  this,  it  is 
necessary  to  investigate  the  diffraction  of  primary  wave  (30.18)  at 
the  end  z  ~  z^  of  the  semi-infinite  conductor  (/, *3* .  In  this  case, 
the  principle  of  duality  leads  to  the  following  relationship 


(30.3?) 


which,  after  substituting  the  function  (30.17)  and  the  current 


2**  ,(n*  •l-m-.T 


( 30.33) 


p'rep— lict— 3-  'ri‘,-7  1 


In  it  gives  us  ’.he  field  radiated  by  the  semi-infinite  conductor 
(z^,  «).  The  wave  radiated  by  the  conductor's  end  is  the  desired 
secondary  edge  wave  and  may  be  represented  in  the  form 


where 


-  <’(*.)  = - ^TT  e'*"‘ *.  (30.34) 


2sin  S  In 


1*0  sin  » 


X 


4  i£etev‘+ttt 


X 


—  COS 


*  sin  ».  (cos  #  +  cos  !>,)  In 
[sin*  **-  sin*  ~  In - i~~J~  (L)— 

[  2  2  1ka  ,1.4*- 

•-—•cos'-j-ln - • 

1*a  co*  -j-  J 


(30.35) 


Otherwise,  this  expression  may  be  written  directly  by  replacing,  in 
Equations  (30.30)  and  (30.31),  z2  by  z.  ,  &  by  s  — &  and  #,  by  *  — . 


§  31*  Multiple  Diffraction  of  Edge  Waves 


The  secondary  waves  (30.30)  and  (30.34)  which  were  found  are  the 
waves  diverging  from  the  ends  of  the  semi-infinite  conductors  (-»,  z0) 
and  (z1}  °°).  If  one  excites  an  infinite  single-wire  line  by  the 
external  field 


E\ 


(31.01) 


where 


14  iErSii; 


-i^,  cos 


*• 


(31.02) 


then  a  spherical  wave  arises  which  with  flat*  coincides  with  wave 
(30.30).  With  the  excitation  of  an  infinite  line  by  the  concentrated 
emf 
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(31.03) 


where 


_  ,  2ita5T*+<t) 

«f=r'(*,)lw=£ — --- 


24 


***«».»« 


( 31  •  0-4 ) 


a  wave  arises  which  coincides  with  wave  (30. 3*0  when  0*0  .  It  Is 
not  difficult  to  see  that  these  external  fields  actually  excite  in  an 
infinite  single-wire  line  current  waves  which  are  equivalent  to  the 
secondary  current  waves  in  a  passive  vibrator  [that  Is,  equivalent  to 
those- waves  which  are  expressed  by  the  first  terms  in  the  brackets  of 
Equation  (28.18)].  Therefore,  the  tertiary  waves  may  be  investigated 
as  edge  waves  radiated  by  the  semi-infinite  conductors  (z^,  •)  and 
(-»»,  z 2)  with  their  excitation  by  the  external  fields  (31.01)  and 
(31.03),  respectively.  Prom  Equations  (30.25)  and  (30.32),  we  find 
without  difficulty  the  total  field  radiated  with  the  indicated 
excitation  by  the  conductor  (z^,  •) 

(31.05) 


-  .  .  .  ft 

WB,'a!snnrF 


and  the  total  field  radiated  by  the  conductor  (-®,  Z£) 


jk» 


2ila  » la 


2/ 


ika  iio  9 


(31.06) 


As  a  result,  we  obtain  for  the  tertiary  waves  diverging  from  the 
ends  z^  and  ? ^  the  following  expressions: 


£?(*,)=//?(*.)= 


&’>('<) _  e1**  -iu,  to,  » 


2slat  In 


24 


sin  B 


(31.07) 


s*,0#’*?hf»tar 


-/Sr.fos# 

TTe 


(31.08) 


where 
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1 


I 


/ 


and 


(31.15) 


(31.16) 


Thus,  the  field  arising  with  multiple  diffractions  (starting  with 
the  second)  may  be  represented  in  the  following  form: 


**7 

- - — ■ — 2/ —  C  1 

2*,B*,#Ua TiiT?  *■""* 


*  —  kit  co*  • 


(31.17) 


where 


=  5<‘*  <*.)  +  IS?-*  (1)  e“‘  -  <?fl  eiM, 

nr=2 

-  5'’’  <*.> +  (<(f  •*(*-)  e,n-  <?f  |  —•  ert\ 


(31.18) 


(31.19) 


and  the  functions  and  are  determined  by  Equations  (30.31), 

(30.35),  (31.02)  and  (31.04).  We  will  not  write  out  here  the  rather 
unwieldy  final  expression  for  this  field,  but  we  will  proceed  with 
a  calculation  of  the  total  field  scattered  by  a  vibrator. 

§  3 2 .  Total  Fringing  Field 


Before  beginning  the  derivation  of  the  expression  for  the 
scattering  characteristic,  let  us  make  the  following  observation.  The 
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functions  <p  which  enter  into  Equation  (30. 0*t)  satisfy  relationships 
(30.05),  and  may  be  found  by  factoring.  However,  our  investigation 
of  the  successive  waves  arising  with  diffraction  at  the  conductor's 
ends  was  approximate.  Therefore,  it  makes  no  sense  to  use  the  precis 
Expression  (30.0^)  for  the  primary  field.  We  shall  use  the  approxi¬ 
mation  expressions  for  the  function  $ 

<&(—  /it  cos  0,  —  k  cos  ft„)  —  In - - - , 

-(id  sin  sin  ~y 

^(/fecosft,  k  cos  ft„)  —  In  — - - , 

V*d  cos -j- cos -A-  (32.01) 

9 

which  wfere  obtained  by  the  variational  method  and  have  a  precision 
which  is  sufficient  for  our  purpose  (see  [83]).  More  precisely  speak 
ing,  we  will  use  approximation  Equations  (32.01)  in  conjunction  with 
the  rigorous  Expression  (30.05),  and  we  will  set 

In  jj  ,  ~ 

'  1  i ka  cos  -y  cos  -y 

<9  ( —  A  cos  8,  —  It  cos  8,)  2 i 2i ’ 

'  n,T*dsln#  B;*flsin&, 

In  —  -  j  , 

f  tka  sin  -y  sin -y 

¥(k coj  ».  *cos  »,)  2i~  ‘ 

lB  7*Vsln V  ,B  =,ka  sin  »,  (32.02) 


Then  the  primary  field  will  equal 


_ _ _ - _ 0  y 

•.  i  v.  «  ,  2i 

- ,C0S  *  +  ",s ,n  (/td  siiiaj  ,B  ^ iliT, 


xfctg-f  ctvt-yln 


2  »  8, 

7*a  cos  -j-  cos  -y 


,  —  i*c,  (co.  *•)■«»  »,) 


-  tg  tg  In - ' - r  e~,**,(‘os  *+c"  *•>  . 

7*<i  sin -y  sin  -y 


(32.03) 


Now  summing  Expressions  (31.17)  and  (32.03),  we  find  the  total  field 
scattered  by  a  passive  vibrator  in  the  form 
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(32.04) 


where 


'<••  V - - - fi - 2,—  X 

(CO*  •  +  CM  »J  *l»  »  'la  »,  to  Y*jsnr*  ,n 


X  /cos'  y  cos’  y  In 


_*  _ —  ii*t  tco*  •+«»  *j  _ 

»  ».  e 


l*j  C0«  Y  co» 


•-sin’-J- sin*  v.'-ln  — 


—  i»F,  (co»  l-KO'  IJ 


;ka  sin  y  s.n  y 


-{-  *•«  f sin*  sin*  In  - — a —  <(_ 
I  ‘  i«a  sin  y 

—  COb* y  COS* y  In  — - - f-'M  e 

jtSCOly  I 

+  tlU  [sin*  y sin*  y  ln - — J-  •{■-- 

I  lAasIny 

»  8  co.i  *«  tn  1  a  1  -i»U.co«»+i 

,  y  COS  y  in  ,  Y+  e 

1*4  cof  y  I 


(*•  coi  •+/,  cos  »J_ 


(cos»  +  cos*J!a~ 


e«*t 


(cos  *  +  cos  #,)  In  -rr 
- -  - — 


,,o  -l*i, 

■  v+c 


(32.05) 


in  which  all  the  functions  <i)+  and  4>+  have  the  argument  L.  The  result¬ 
ing  expression,  despite  its  complexity,  has  a  clear  physical  meaning. 
Actually,  the  first  term  in  the  braces  corresponds  to  the  primary  edge 
wave  radiated  by  the  conductor's  end  z  =  z^;  the  second  term  corre¬ 
sponds  to  the  primary  wave  radiated  by  the  conductor's  end  z  =  z^. 

The  terms  included  in  the  first  pair  of  brackets  refer  to  the  secon¬ 
dary  wave  departing  from  the  end  z  =  z,,  and  the  terms  in  the  second 
set  of  brackets  refer  to  the  secondary  wave  departing  from  the  end 
z  =  Z£.  The  remaining  terms  describe  the  sum  of  all  subsequent  waves 
arising  with  multiple  diffraction  and  have  a  resonance  character. 

The  resonance  begins  with  L  =  z0  -  z^  a,  n*\/2(n  =  1,  2,  3-..)  when  P  a.  o. 
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Another  important  feature  of  the  scattering  characteristic  is 
that  it  satisfies  the  reciprocity  principle  —  that  is,  it  does  not 
change  its  value  with  a  mutual  interchange  of  ft  and  .  One  may 
also  show  that  the  vibrator  does  not  radiate  in  the  directions  along 
its  axis,  and  it  does  not  scatter  electromagnetic  waves  with  glancing 
irradiation,  that  is. 


F( 0,  =  »0)  =  i'7l»,  0)>F(*.  r.)  =  0. 


(32.06) 


Furthermore,  using  representation  (28.25)  for  the  functions  iJj 
and  i p+,  we  obtain  the  following  expression  for  scattering  character¬ 
istic  (32.05)  in  the  direction  of  the  mirror-reflected  ray  (ft -a— do)  : 

F  («-•,.•,)* - ^ - + 

i*a  sin 

H^*£  (7kL  sin*  J  +(;!)*£  (2 kL  cos*  y'j 
kL  -  2i  \2 

‘('•jtrzn;) 

1  l  f._  2<  I  j_ 

■*"  /  .  „  .  H  \i{l0  ika  s,s»r  2  ‘T* 
n.  «n  | 

\  si*  ~Y  J 

+f-r+0_sin*^-ln - 

ria  CCS  -j-  ) 


— b-  •"‘fee"1 


(32.07) 


With  glancing  irradiation  of  a  vibrator,  when  f)8==0  or  8#  =  *,  il 
follows  from  this  that  0)  =  F(0,  *)r=0  . 


Now  assuming  that  in  Equation  (32.07),  we  obtain  the 

relationship  ,  ,  . 


e  (  x  ~  y  *  kL  |  .  ,  i--E\kL)  - 

'  <.4)’ 


+^-jTV  ln  f*ir---2-+vv-’“2,n7iry  ^  + 

Equation  continued  on  next  page 
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1  '  i  f  WtL  .  ' 


(32.08) 


which  characterizes  the  reflected  field  magnitude  with  normal 
irradiation . 


Let  us  also  write  the  expressions  for  the  function  ®0)  which 

corresponds  to  the  radar  case  when  the  observation  and  irradiation 
directions  coincide  (d=sd0) 

m  •)■■» 

_ _ ‘ _ fPn-<  *  In  ‘  _  -2»*«**_ 

**7  2 »  y  ^Jcos  2  ln  »  c 

(k*,n • ln  vaiur*  J  co* * l  lkn i0t  T 


—  sin* In - 


to»  * 


•(to  sin* 


f-  2  [>in4  .J- -  ln - -  -  I L)  - 

I  “  y*«i  sin  -j- 

--  i„ - ! — — - 1+  (£)  |e~‘* 


—  cos'-*-  In - 

T*a  co*  -j-  I 

_  2  m  (i.)  *+  (£)  •>_(/.)  e -* *+* co‘ 


(32.09) 


We  may  show  that  when  8=*-?r  Equation  (32.09)  leads  to  Expression 
(32.03). 


The  scattering  characteristic  (32.05)  which  was  found  above  was 
obtained  by  summing  all  the  waves  formed  with  multiple  diffraction. 
Such  a  method  is  very  graphic,  but  somewhat  lengthy.  One  may  arrive 
at  the  same  result  more  quickly  if  it  is  assumed  „hat  the  edge  wave 
diffraction  process  at  the  passive  vibrator's  ends  takes  place,  start¬ 
ing  with  tertiary  action,  the  same  as  at  the  end  of  a  transmitting 
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S  33.  A  Vibrator  Which  Is  Short  in  Comparison  With 
the  Wavelength  (a  Passive  Dipole) 

The  theory  of  plane  wave  scattering:  by  a  thin  cylindrical 
vibrator  which  is  discussed  in  this  chapter  is  based  on  a  number  of 
physical  considerations.  One  good  aspect  of  this  theory  is  the  fact 
that  its  precision  increases  with  the  length  of  the  vibrator,  since 
the  current  waves  whose  diffraction  we  are  investigating  are  expressed 
more  clearly,  the  longer  the  vibrator.  However,  one  may  also  show 
that  for  short  vibrators,  the  length  of  which  is  small  in  comparison 
with  the  wavelength,  the  equations  derived  by  us  have  good  precision. 

It  is  clear  that  a  vibrator  which  is  short  in  comparison  witli 
the  wavelength  acts  as  a  dipole,  creating  a  fringing  field 


e,  *.h,~ 


(33.D1) 


where  the  dipole  moment  p„  may  be  calculated  by  solving  the  electro¬ 
static  problem.  This  dipole  moment  depends  on  the  dimensions  and 
shape  of  the  vibrator.  In  accordance  with  the  dipole  moment  of 

a  cylinder  in  a  uniform  electrostatic  field  F.„  equals 


p,  -D</)( t)*  £‘ 


(33.  o: ) 


where  P(/)  is  a  d Lmens I onless  function  ?  =  I, /Pa  which  is  shown  in 
Figure  7r>  by  the  continuous  curve.  With  l  >>  1,  one  may  calculate  f.!i< 
function  D(Z)  by  means  of  the  asymptotic  expansion 


(n.o  -n 


FTl>-iif-P3-P'.!_y  1 


/ 


If  in  this  expansion  one  limits  oneself  to  the  first  term,  then 


(33.04) 


The  results  of  numerical  calculations  based  on  Equations  (33.04)  are 
shown  in  Figure  75  by  the  dashed  curve:  we  see  that  the  latter 
equation  gives  a  good  precision  already  with  l  ^  9- 


Figure  75.  Graph  of  the  function  D(Z)  which  deter¬ 
mines  the  cylinder's  dipole  moment. 


Thus,  the  dipole  moment  of  a  vibrator  which  is  short  in  compari¬ 
son  with  the  wavelength  equals 


/>,=£-& 


and  its  scattering  characteristic  must  have  the  form 


(33.05) 


'0  3 
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(33.06) 


In  this  section  we  find  the  first  two  terms  of  the  expansion  of 
the  vibrator’s  scattering  characteristic  P  in  reciprocal  powers  of 
the  large  parameter  L/a  (with  \  «),  and  we  compare  them  with 

Expression  (33.06).  We  shall  limit  ourselves  to  the  case  d  = 
when  the  function  P  is  described  by  the  simpler  Equation  (32.08). 

With  small  values  of  the  argument  z,  the  functions  iff ( z )  and 
♦(*)=*♦+!,, «.=* [see  Equations  (28.21)]  may  be  represented  in  the 
form 

t(2)r=  |  (33-07) 

The  functions  g  and  g  included  here  are  determined  by  the  equations: 

*(*)-*  (0)  =  In  f **A.  g  (0)  =  In  (33.08) 

S 

and 

#(4-*(0>~ ^(0)  =  ln^.  (33.09) 

t 

Let  us  note  that  Expressions  (33.07)  completely  agree  with  the 
corresponding  terms  of  the  aysmptotic  expansion  for  the  functions  4> 
and  4 J,  which  may  be  obtained  from  the  initial  integral  equations  which 
determine  these  functions  (see,  for  example,  [8l],  §  4). 

Limiting  ourselves  In  the  expansion  for  the  functions  if»(z)  and 

-  3 

4>(.z)  to  terms  of  the  order  of  (kz)  ,  we  have 
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$(*)—  l  —  ~-~L—  f  ^ ta  2J*f  _  i j .{. 


(33.10) 


+”(*P~4-)~*£(lnr‘?.-Z)  j.  (33.11, 

In  3ddltl°n  term,  of  the  order  (*£)-  are  „mitted  1„  Expressions 
(33  10,  and  (33.11,.  No„  If  „  substitute  these  expressions  into 
Equation  (32.08, .  then  one  should  omit  terms  of  the  order  fl"  T-)"  in 
It.  Therefore,  the  function  *,  -J)  may  be  represented  ^ 


+ ">,-5-1+4 «“-  2f(t,io  a j 

I  1*a 

+i TTeprf’W*”1}- 


(33.12, 

».  firhe™0re'  lnt°  a'“Unt  E<,uatll>ns  <33.10,  and  (33.11), 


“['•  &-«<«>  ]- 

,n  iS~T+T*“- 

-"■&+-M-<*§r. 

2  j  W  la  £■'  *£  _ ,  *-£),„  CLi  _ 

-  HI  (la  -  l)  +  (4-la  -4-)+ 

+'W(4i.^-4),  , 


(33.13) 


(33. 11*) 


(33.15) 
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and  finally 


21a 


l  +  *d)t'4 

-  (> + *  T- kL  ~  k'L'  - 1  ii  k'L% ) 10  isr- 

In  ^ +-2~  (1  +  In  2)  +  ~  In  (1+ln  2)  + 

(33.  ie 


(33.16) 


Using  these  relationships,  it  is  not  difficult  to  show  that 

The  equation  which  has  been  found  may  be  rewritten  in  the  form 


(33.17) 


'  (t*  T)”^-^:»y  i1 + 0 1  (ln  t- jj  • 

\  a  3  j 


(33.18) 


It  completely  agrees  with  Equation  (33.06)  which  follows  from  [92]. 

This  result  confirms  the  correctness  of  scattering  characteristic 
(32.05)  calculated  by  us,  and  shows  that  it  is  applicable  for  vibrators 
of  any  length. 

S  3*1.  The  Results  of  Numerical  Calculations 

The  function  F(0,  00)  enables  one  to  calculate  the  integral  scatter¬ 
ing  thickness  S  and  the  effective  scattering  area  a  of  a  passive 
vibrator.  The  integral  scattering  thickness  is  determined  by  the 
relationship 


S=IL 

*  P  ' 


(3*1.01) 


where 


( 3*1 .02 ) 


?0G 
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is  the  energy  flux  density  in  the  incident  wave  averaged  over  an 
oscillation  period,  and 


Re  Jn[EH*]</S  =  -~- 


*• 

E  sin  &a  Rej  J(2)zlk,t°'*,dz 


(34.03) 


is  the  value  of  the  energy  scattered  by  the  vibrator  into  the  surround' 
ing  space  averaged  over  a  period.  Since  one  may  represent  the  fring¬ 
ing  field  in  the  far  zone  in  the  direction  d=»n— by  the  equations 


and 


* 


(3^.04) 


(34.05) 


then,  having  determined  from  this  the  integral 


fj(s) ert' £(*  —  &«.  ».)  (34.06) 

*. 

we  obtain 

S=  —-cos’ a-!m £(x —  8,).  (34.07) 

Calculations  of  the  quantity  S/Ir  (with  *=*0.  *»  — -J-  ),  performed  by  us 
for  vibrators  with  the  parameter  taking  the  values  x  =  -0.05 

and  x  *  -0.1,  are  found  to  be  in  agreement  with  the  results  of 
Leontovich  and  Levin  [85].  With  x  a  -0.1,  our  curve  (the  dotted  line 
in  Figure  76)  is  only  slightly  displaced  in  the  direction  of  longer 
wavelengths  and  gives  slightly  higher  resonance  peaks. 

The  effective  scattering  area  a  according  to  the  definition 
equals 


3(&,  »,)  — 


P'Ar.R* 


where  p  is  the  known  quantity  (34.02)  and 


(34.08) 
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Figure  7 6.  The  integral  scattering  thick¬ 
ness  of  a  vibrator  as  a  function  of  its 
length  (with  normal  incidence  of  a  plane 
wave).  Curves  1  were  calculated  by  Leontovich 
and  Levin  [85].  Curves  2  were  calculated 
on  the  basis  of  Equation  (34.07). 


_  e  \  F  !»-  f  F> 


(34.09) 


represents  the  average  value  of  the  energy  flux  density  scattered  by 
the  vibrator  in  the  direction  I)  .  Consequently 


'  9(0.®.)*=  "  cos’  a- 1  F(».  »,) I*. 


(34.10) 
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If  the  receiving  antenna  operates  with  the  same  polarization  as 
the  transmitting  antenna,  then  the  corresponding  value  of  the  effec¬ 
tive  area  will  equal 


».(».  »,)  =  ^-cosV  |  F 


(34.11) 


In  ;the  case  pf  radar  whep  the  transmitting  and  receiving  antennas  are 
combined  iarid  the  polarization  is  arbitrary,  the  vibrator's  scattering 


properties  are  characterized  by  the  average  value 


•>)  =* (».  ».) da  =  g ! F (*.  ».)!•. 


(34.12) 


In  Figures  77  and  7?,  the  results  of  calculations  performed  on 
the. basis  .of  Equations  (34.12)  and  (32.08)  for  the  case  of  normal 
irradiation  =  are  represented  by  the  dotted  lines.  Figure  77 
illustrates  the  dependence  of  the  function  o  on  the  quantity  kL  with 
a  given  value  of  Q#  =  21n“=15,  —  that  is,  when  the  ratio  of  the 
vibrator's  length  to  its  diameter  equals  L/2a  =  452.  In  Figure  78 
the  graph  of  the  function  a  is  constructed  as  a  function  of  the  fre¬ 
quency  f  *  c/X • 10-^  (in  megahertz)  for  the  prescribed  parameters 


quency  f  *  c/X -10  (in  megahertz)  for  the  prescribed  parameters 
L  *  5  cm  and  Qp  «  15.  Here  the  curves  plotted  by  LIndroth  [79]  are 
drawn  with  a  continuous  line,  and  the  curve  in  Figure  77  calculated 
by  Van  Vleck  et  al.  [86]  is  traced  by  the  dash-dot-curve. 


The  curves  of  Lindroth  and  Van  Vleck  were  calculated  by  inte¬ 
grating  the  current  which  is  found  as  a  result  of  the  approximate 
solution  of  the  integral  equation.  However,  this  procedure  was  per¬ 
formed  in  [79]  and  [86]  in  a  different  way.  Lindroth  obtained  an 
expression  for  the  fringing  field  in  the  form  of  an  expansion  in 
reciprocal  powers  of  the  parameter  ^p.  The  expression  includes  terms 
of  the  order  of  8  In  [86]  a  different  kind  of  approximation  was 

used  which  led,  as  can  be  seen  from  Figure  77,  to  rather  rough  results 
especially  in  the  resonance  region.  Our  curve  (the  dotted  area) 
agrees  almost  everywhere  within  the  limits  of  graphical  precision  with 
the  curve  of  Lindroth.  A  noticeable  divergence  is  observed  only  in 
the  magnitude  of  the  first  resonance  peak. 
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Figure  77.  The  effective  scatter¬ 
ing  area  of  a  vibrator  as  a 
function  of  Its  length  with 
normal  incidence  of  a  plane  wave. 
Curve  1  was  calculated  by 
Lindroth  [79];  curve  2  was 
calculated  by  Van  Vleck  [86]  by 
means  of  the  method  of  integral 
equations;  curve  3  was  calcu¬ 
lated  on  the  basis  of  Equation 
(34.12). 


Figure  78.  The  effective  scatter¬ 
ing  area  of  a  vibrator  as  a 
function  of  the  frequency 
f  ■  c/X*10“°  (in  megahertz)  with 
normal  incidence  of  a  plane  wave. 
The  designations  are  the  same 
as  those  in  Figure  77. 


In  Figure  79  and  80  radar 
diagrams  are  constructed  for  vi¬ 
brators  of  a  length  L  »  .0.51  and 
L  -  2\  with  the  specified  value 
L/a  3  900.  Curves  1  were  calcu¬ 
lated  by  Tal  using  the  variational 
method  [87].  Curves  3  were  ob¬ 
tained  by  the  method  of  induced 
emf  [86];  curves  4  were  obtained 
by  the  above-indicated  method  of 
Van  Vleck.  The  results  of  calcu¬ 


lations  based  on  our  Equations 
(3^.12),  (32.08)  and  (32.09) -aj-e 
shown  by  curves  2. 


\ 


/ 


Figure  79-  A  comparison  of  the  diagrams 

for  the  effective  scattering  area  of  a  \ 

half-wave  vibrator  calculated  by  various 
methods . 

Curve  1  was  calculated  by  Tai  [87]  by  the 
variational  method; 

Curve  2  was  calculated  on  the  basis  of 
Equation  (3^.12); 

Curve  3  was  calculated  by  the  method  of 

induced  emf  (in  the  work  of  Van  Vleck 

[86]); 

Curve  4  was  calculated  by  Van  Vleck  [86] 

by  the  method  of  integral  equations. 


In  the  cited  references,  the  fringing  field  was  calculated  by 
the  direct  integration  of  the  current.  In  order  to  determine  the 
current,  various  approximation  methods  were  used.  In  the  variational 
method  [87]  a  functional  was  constructed  for  this  purpose  which  was 
stationary  in  respect  to  small  current  variations.  Then  the  current 
was  sought  in  the  form  of  some  function  containing  undetermined  con¬ 
stants.  These  constants  were  found  from  the  condition  of  the  func¬ 
tional's  stationarity .  This  method  enables  one  to  rather  easily 


\ 
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Figure  80.  Diagrams  for  the  effective 
scattering  area  of  a  vibrator  calculated 
by  various  methods.  The  designations 
are  the  same  as  those  in  Figure  79: 

L  -  2A 


obtain  the  first  approximation;  however,  its  results,  especially  for 
long  conductors,  may  depend  in  a  substantial  way  on  the  form  of  the 
trial  function.  In  the  induced  emf  method  [86],  the  current  is 
sought  in  the  form  of  a  combination  of  trigonometric  functions  with 
unknown  coefficients.  These  coefficients  are  determined  by  using  the 
law  of  conservation  of  energy.  This  is  the  simplest  method,  but  it 
has  a  number  of  serious  defects.  Thus,  as  a  consequence  of  incorrectly 
accounting  for  the  current  component  having  the  incident  field  phase. 


it  leads  to  Inaccurate  results  in  the  case  of  odd  resonances  (espe¬ 
cially  for  long  conductors),  and  it  does  not  give  the  displacement  of 
the  resonance  peaks  from  the  values  X  =  2L/n  (n  =  1,  3,  5....)  in  the 
direction  of  longer  wavelengths. 

The  results  obtained  by  us  are  also  approximate.  However,  our 
Equation  (32.05)  satisfies  the  reciprocity  principle,  and  is  applicable 
for  any  length  vibrator.  Por  very  short  vibrators  L  <<  X,  it  changes 
into  the  asymptotic  expression  for  the  scattering  characteristic  of 
a  dipole  (see  §  33).  Por  vibrators  with  a  length  of  several  wavelengths 
(L  %  nX,  n  *  1,  2,  3,  4),  Equation  (32.05)  gives  satisfactory  results. 
Calculations  performed  on  its  basis  for  radar  reflection  with  normal 
irradiation  agree  with  the  results  of  Lindroth.  Good  agreement  is 
also  observed  with  the  results  of  Leontovich  and  Levin  for  the  inte¬ 
gral  scattering  characteristic.  With  an  increase  of  the  vibrator's 
length,  the  precision  of  this  equation  increases,  and  in  this  v ly  it 
is  favorably  distinguished  from  the  equations  proposed  for  the 
scattering  characteristics  by  other  authors. 

Moreover,  the  divergence  between  the  various  approximation 
methods  indicates  the  necessity  of  performing  rather  detailed  calcu¬ 
lations  based  on  precise  methods,  for  the  purpose  of  evaluating  the 
actual  error  of  the  approximation  methods.  Such  calculations  may  be 
performed,  for  example,  by  means  of  the  method  discussed  in 
References  [88,  89]  or  [91]. 
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FOOTNOTE 


Footnote  '1)  on  page  1/7.  Let  us  note  that  one  may  refine 

Equation  (28.04)  by  multiplying  it 
righthand  member  by  the  factor  0Q 

(usually  0Q  £  1)  calculated  in 
Reference  [84], 
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t\wt,u;'ioN 


In  thin  book,  t.ho  solution  * » (’  a  nurnbon  of  d !  t'fraot  I  on  pnob  loin;-, 
war.  obtained  baaed  on  t.ho  appnox  Iniat  o  con:'.  Moral  Ion  of  t  ho  fioht  pon- 
funbatlon  in  the  vicinity  of  a  uh.unp  bend  of  t  ho  aunfaoe  on  a  ahanp 
ovit'o.  Ktpiat  Ions;  won>  donlved  fon  t  in*  ncatt  oni  nc  ohanant  oni  n.t  ion  ,  on 
in  contain  canea  (fhapton  IV),  fon  t.ho  rad  an  nofloction  t  h  I  oknoan.on. 
with  a  apoclfled  Irradiation  d  i  root  I  on .  Tho  exp  non.  a  I  onn.  which  have 
boon  found  havo  a  oloai*  phyuJoal  moanlnt'.  They  nat  lnfy  tho  noolproclty 
principle,  ami  they  a  no  convenient  fon  maU  i  lie;  oa  1  on  1  at  i  onn . 

The  results  obtained  enable  un  to  form  a  mono  complete  concept 
of  the  applicability  1  lmlt.n  of  tho  physical  opt  ion.  appnoach.  it  in- 
initially  ourtontany  to  annumo  that  thin  appnoacli  j-'i  von.  reliable  ronulln 
only  if  t  tie  body  '  a  dt  mount  onn.  a  no  lai'/'.o  In  compa  nl  non  with  the  wave- 
length.  f.uch  an  opinion  In.  banod  on  t  ho  followlnn  argument  .  The 
pltynical  option,  appnoach  conn  Idenn  only  the  radiation  fnom  t  lie 
uniform  pant  of  tho  current  ,  and  doon  not  Include  In  the  cal  cul  at  lour, 
the  noruinlfonm  pant  of  t  he  cunnont.  wtilch  In  concent, nat  od  in  t.lto 
vicinity  of  t  ho  bendn  and  the  nhanp  edy.on,  Therefore ,  when  the  body’ a 
dlmonnlonn  a  no  conn,  i  donah  I  y  larger  than  tho  wavelength,  the  nonun  I  fonm 
pant  of  t  ho  cunnont  occuplon.  a  relatively  n.ma  I  1  pant  of  the  t'ody'n. 
nunfaco.  Thonofone,  one  would  think  that  i I  a  influence  would  ho 
n.ma  1  1  . 


Hut.  In  actuality  It  tunnn.  out  that  t  he  nellahlMty  of  ph.vaic.il 
optic:’.,  results  dopoudn.  ntihat  an!  !  a  liy  ,  not  only  on  tho  body';;  dimon- 
n.lona,  but  a  I  ao  on  t  tic  body*;-,  a.hapo  and  the  innadlat  ion  and  obaonval  ion 
di'noct  Iona..  l''on  example,  with  tin*  p  I  ane  I  nr  Incidoin’o  of  a  wavo  ,>n 
the  flat,  face  of  a  body,  tho  odi'o  n.ono  occupied  by  tho  itonun  I  f.  >rm 
pant  of  the.  cunnont  in.  conn  ldenah  I  y  t'noadonod  and  tho  oiToot  of  thin, 
cunnont  N-comoa  n.uha.  t  ant  I  a  1  .  Thonofone,  phyn.  leal  opt  Ion.  riven  .piali- 
tativoly  Incorrect  noaultn.  fon  the  field  n.cat  t  onod  t>y  flat  platen 
with  itlanclnp.  Irradiation  indopondont  of  the  nat  lo  bet  woon  tin-in 
diinonalona  and  tho  wavelength.  Tho  effect  of  the  iiominlfonm  pant  ot’ 
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the  current  becomes  noticeable  also  in  those  directions  where,  accord¬ 
ing  to  physical  optics,  the  fringing  field  must  be  equal  to  aero  or 
have  a  small  value. 

The  problem  of  diffraction  of  a  plane  wave  with  its  incidence  on 
a  cone  along  its  axis  (5  17)  serves  as  a  clear  example  of  how  impor¬ 
tant  the  above-indicated  factors  are.  Although  in  this  case  the  non- 
uniform  part  of  the  current,  concentrated  near  the  cone's  vertex,  has 
practically  no  influence  on  the  scattering,  nevertheless,  the  physical 
optical  approach  gives  values  for  the  radar  thickness  which  are  tens 
of  decibels  smaller  than  the  experimental  values,  even  with  large 
dimensions  of  the  cone.  The  deciding  factor  here  is  the  nonuniform 
part  of  the  current  flowing  in  the  vicinity  of  the  sharp  circular  base 
rim  of  the  conical  surface;  the  nonuniform  part  of  the  current  has  an 
especially  large  value  for  3harply  pointed  cones. 

Another  interesting  example  of  a  similar  nature  is  the  scattering 
of  a  plane  wave  by  a  finite  paraboloid  of  rotation  (5  18)  where  the 
physical  optics  approach  leads  to  qualitatively  incorrect  results. 

The  effective  scattering  area  calculated  in  this  approach  turns  out 
to  be  a  periodic  function  of  the  paraboloid  length,  and  with  certain 
lengths  it  becomes  zero  which  most  certainly  does  not  correspond  to 
reality. 

The  investigation  of  the  diffraction  of  edge  waves  shows 
(Chapter  V)  that  for  flat  plates  one  may  limit  oneself  to  considera¬ 
tion  of  secondary  diffraction,  if  their  linear  dimensions  are  one- 
and-a-half  to  two  times  larger  than  the  wavelength. 

Let  us  note  that  we  attempted  to  obtain  equations  for  the 
scattering  characteristics  which  would  possess  physical  visualiza- 
bility  and  which  would  be  convenient  for  making  calculations.  Tn 
keeping  with  this,  we  were  obliged  to  introduce  various  kinds  of 
interpolation  equations  and  simplified  equations  which  satisfy  the 
formulated  requirements,  but  In  return  are  not  in  the  general  case 
the  dominant  terms  of  the  rigorous  asymptotic  expansion  in  powers  of 
the  small  parameter  */a. 
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Our  purpose  was  not  to  calculate  the  current  on  the  body's  sur¬ 
face,  the  field  In  the  near  zone,  or  the  integral  scattering  thickness 
These  questions  are  investigated  in  a  number  of  other  works  based  on 
the  physical  theory  of  diffraction  which  were  already  enumerated  in 
§  25.  In  them,  in  particular,  the  first  terms  of  asymptotic  expan¬ 
sions  in  powers  of  A/a  were  obtained  for  the  integral  thickness  which 
characterizes  the  total  power  scattered  by  a  body.  However,  in  these 
works,  as  a  rule,  equations  are  missing  for  the  scattering  character¬ 
istics  Mhich  are  valid  with  any  direction  of  irradiation  and  observa¬ 
tion.  Therefore,  the  results  of  this  book  and  the  indicated  works 
mutually  supplement  one  another. 

At  present,  only  a  limited  number  of  diffraction  problems  have 
yielded  to  theoretical  studies,  as  a  result  of  which  experimental 
studies  of  diffraction  by  various  bodies  have  taken  on  great  importance 
In  Chapter  VI  an  experimental  method  was  discussed  which  enabled  one 
to  isolate  in  a  "pure  form",  and  to  measure,  the  field  from  the  non- 
uniform  part  of  the  current  excited  by  a  plane  wave  on  a  metal  body 
of  any  shape.  In  the  same  chapter.  It  was  shown  that  the  well-known 
phenomenon  of  depolarization  of  the  wave  reflected  from  a  body  which 
is  found  in  free  space  Is  produced  by  the  nonuniform  part  of  the 
current,  or,  in  other  words,  by  the  surface  distortion. 

The  Investigation  carried  out  in  Chapter  VII  for  the  problem  of 
diffraction  by  a  thin,  finite  length  cylindrical  conductor  represent:; 
a  natural  development  and  completion  of  the  method  of  considering  the 
multiple  diffraction  of  edge  waves  which  was  applied  in  Chapter  V. 

In  Chapter  VII  equations  were  derived  for  the  scattering  diagram  which 
are  suitable  for  vibrators  of  an  arbitrary  length  with  any  irradiation 
and  observation  directions. 

The  results  obtained  in  this  book  show  the  fruitfulness  of 
physical  diffraction  theory,  and  enable  one  to  arrive  at  the  solution 
of  other  more  complicated  problems.  Such  problems  may  lie  divided 
into  two  classes.  Problems  which  may  now  already  be  solved  on  the 
basis  of  the  known  results  of  diffraction  theory  are  related  to  the 
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first  class.  As  an  example  of  such  a  problem,  one  may  point  to  the 
problem  of  diffraction  of  a  plane  wave  by  a  frustum  of  a  cone  or  by 
an  infinitely  long  cylinder  with  a  polygonal  transverse  cross  section. 
Those  problems  whose  solution  requires  obtaining  (using  the  methods 
cf  mathematical  diffraction  theory)  a  whole  series  of  new  results 
must  be  referred  to  the  second  class.  In  particular,  in  order  to  give 
a  complete  solution  to  the  diffraction  problem  of  a  finite  cone,  it 
is  necessary  to  have  more  precise  knowledge  on  the  diffraction  laws 
of  a  semi-infinite  cone. 

Summing  up,  one  may  say  that  physical  diffraction  theory  aids 
one  in  analyzing  and  sorting  out  the  diffraction  phenomena  for  complex 
bodies,  poses  problems  for  treatment  by  mathematical  diffraction 
theory,  and  enables  one  to  effectively  apply  the  rigorous  results  of 
mathematical  diffraction  theory  for  the  solution  of  new  problems. 

In  conclusion,  I  express  my  deep  thanks  to  L.  A.  Vaynshteyn  for 
his  valuable  advice  and  regular  discussion  of  the  questions  to  which 
this  book  is  devoted,  and  also  for  his  attentive  reading  of  the 
manuscript  and  for  a  number  of  useful  remarks.  I  also  take  this 
opportunity  to  express  sincere  thanks  to  M.  L.  Levin  for  his  interest 
in  this  work  and  his  helpful  remarks. 


:hs 


FTD-HC-23-259-71 


REFERENCES 


I  O  i,  k  H.  A.  OtV.run-ni.e  orpi>afi.ib.iux  $o,iMy.i  Ha  c.iyxaA  or- 
•ia.c.  in  :  iijim*  .10.1  .  atuiiu  o.  niiv.p.viocrii  irioiiuoibHOH  $opMtl. 

CO.  961.  1950. 

2.  A.irnnu  c.i;.ri:Mcr,’OH:j\  gc.in,  <t  I  Hep.  c  anm  iioa  pea 

3.  II.  <f>e.ii.  i  a.  Ilnnn  «CoBcrc::cc  ;.nuo»,  I 950. 

A  .Men  a  up  .'la;.  P.  .'IniJyas'iiM  ii  pacremine  paaiiono.ni.  Ilep. 
c  ;;i:.r  wu  pea.  .1.  V  UaiiHiurcfi'ia.  I l.u-no  *CoHcroxoe  paaao*. 
1953. 

4.  B  a  ii  ini  r  o  ii  a  .1  A.,  eJai-srpoMariiariiu;-  aiuiiu.  II.u-ho  «Oo- 
m-r-'KOP  pianos,  1957. 

5.  Ho  rex  a  ii  A.  H  lleKoropwe  ia  W‘in  jHippaKKHH  oexrpoMar- 
iiiir.iu.x  uo.m.  1 1 3a- bo  tCo.iofcaoe  paaao*.  1918. 

i>.  B  a !;  c  r  B.  B.  and  C  o  p  i  n  n  E  T.  The  mathematical  Ihcory 
of  Huygens'  principle.  Oxford,  1939. 

7.  i'  ij>  it  M  u  e  a  11.  ft  npaii.iila.ciiauA  packer  iiiippaamiii  n.io- 
ckhx  >.iCK!po  .iarnnr  iux  no.n:  aa  aeKo.opiix  vu  ra.MimecKax  Te.iax, 
a.  I.  .liiippaKmtn  iia  x.rm?  a  .imie.  >K  l<f>.  27,  .Vs  8.  1810 — 1819,  1957. 

8.  VtpiiMucii  fl.  9  npiiiiri/KeimiJii  pae.CT  amppaxmiH  nno- 
cKiix  >.'.eMri("iariii:r::ii\  eonti  tia  nexoropux  vcra.i.HmeCKHx  re-iax. 
h.  II.  .laib-taKiiim  iia  mate  ii  KfutomoM  iri.miupe  )KT<>,  28,  St  II, 
2001  -2016,  1958. 

9  V d)  ’Mine  a  fl.  3  Brupimiaa  'mtipaKiiiia  aa  .it me  7KT®.  28. 
.V  3,  56’.)  -532.  1958. 

10.  yip  ii  miic  a  II.  3.  Bropii  man  aaifpaKuiia  aa  anew.  )KT<t>, 
28.  ,\j  3.  553  -591.  1958. 

|l.  yipiiMUcu  n.  3.  CiixiMcrpn*iiioe  o6.n neiiae  koiichhux  Tea 
ap.iii'caiiH.  '■I’a.'iiiorixiiiiiij  a  >.TcKTpu!i;tKa>.  6.  St  4.  539  — 5C7,  1961. 

12  Maiiie.ibC  E.  H.,  yipiiMitca  11.  3.  OrpaateHiic  i.iexrpo- 
MarnarHMX  bo.hi  xpyrosoS  no.inpiiiaamt  or  vcra.i.iHiecKnx  ic.i  *Pa 
iiiorcxaiiKa  ii  r.iexrpoiiKxax,  5,  As  12.  1925—1938,  I960. 

13.  y  ip  a  m  u  c  a  fl.  3.  06  orpamfiiaa.  'tera.l.HmccKH'm  uviaMH 
paaaoao.ia  xpvrosoii  no.iapiuauiiit.  tPaaaorcxHiiKa  ii  *texrpoHiiKa», 
.Ys  12,  2094.  1961. 

14.  y  ipa  much  fl.  3.  .ImJipaKHHa  n.Tocxnv  3.lcKrpo\ia:.niTHHX 
so-in  iia  roiiKOM  ua.iHH.ipiiMCCKOM  rpoBoamixc.  *PaaHorcxHH*a  H  3-1CK- 
ipoi:i'K.i»,  7,  St  2.  2'iO— '.ii9.  1962. 

15  SchwarzsChild  K.  Beugung  und  Polarisation  dr>  Lichis. 
Mathcnialisclic  Ainialen.  55,  177,  1502. 

15.  'ipaKx  <t».  h  Miucc  P.  .liiiJiipcpeHUHa.ihHue  h  iiHrerpa.iL- 
huc  yiiaBHeHim  MaTeuarit'iocKoA  i|>hjhkh  OHTH.  1937. 

17.  0o  x  B.  A.  Pacnpeae.ieaHe  tokos,  B036yau3cMUx  nnocxol 
aomiofl  Ha  noBep.XHOCTH  npoBoaHiisa.  >K3Td>,  15,  .Vs  12,  693—702.  1945. 

18.  «J>  o  K  B.  A.  .1:nJ>paxuiiii  pa.iiiOBO.in  noxpyr  scmiioh  iiOBepxHO- 
cm  M-.T  H3j  bo  AH  CCCP,  1946. 

19.  B  a  fl  ii  uj  t  e  ft  h  31.  A.  Hinjipaxmm  woKipo'iarmiTHiJx  ii  a»y- 
kohux  bo.ih  iia  orxpurov  xoiiue  BO.iitOBoaa.  Ilia-BO  «CoBcrcxoe  pa- 
ano*.  1953. 

20.  O  h  e  r  h  *  1 1  i  n  gc  r  F.  On  the  diffraction  and  reflection  on 
waxes  and  pulses  by  wedges  and  corners  Journ.  Research  NBS.  61, 
.V  5,  313  -305,  1958. 

21.  B  a  T  c  o  ii  T.  If  Tcopim  tVccc.ieuux  ipviiKumi.  faerb  nep- 
Kax.  H.  ,1.,  1919. 

22.  Pauli  \V.  On  asymptotic  scries  for  functions  in  the  theory 
of  diffraction  of  light.  Physical  Review,  54.  .Vs  II.  921  -931,  1938. 

23.  M  a  K  ■  .1  a  x a  a  ii  if.  B  Tcopim  h  apiuoatciiiie  iJ>>hkuhA 
•Marbe.  H.  21.,  1953. 

2!.  Meixncr  J.  and  Andrejewshi  \V.  Strenge  Thcorie  dor  Beu- 
gnng  cbener  cIel;troinagiielis.'hcr  Welicn  an  dor  voIlKoimncn  ieitenden 
Kreissclicihc  und  an  dcr  Krcisforniigcn  tiffining  im  voflkommen 
Ieitenden  ebtiico  Sehirin.  Aiuialen  Jet  I’hysik.  7,  .Vs  3  -4,  157,  1950. 

25.  A  n  d  rejc  wsk  i  W.  Die  Bei’igung  cloktr.ini.ignctischer 
Wellen  an  der  Ieitenden  Kreisschcilv  und  ,m  dcr  kreisformigen 
Oifnung  ini  ieitenden  ebenen  Sehirin  /cits,  [nr  angewandte  Pliysik, 
5,  .Vs  5,  178,  1953. 


FTD-HC-2 3-259-71 


21 9 


26.  Mtiinrr  J.  timl  St-hJfke  F.  W  .Maltiiciische  Fwnktkv 
n.-n  und  Spharvii Jtunklucuit  Spiiiiger-Verijg.  1951. 

27.  .1  a  ;i  ,i  c  6 e  p  r  I'  (!.  Oiitmkj.  niIT.1.  1054 

28.  Braunbek  W.  None  \al;crungsir.«t!indc  (fir  die  Beugung 
am  cboiu-n  Schirin.  Zcits  iiir  Pliysik.  127.  I,  381  —3 JO.  1950. 

29  B  r  a  u  n  b  e  k  V.  Z ur  Beugung  ,.o  der  Kreisscheibe.  Zeits. 
fur  Phys.,  127.  4,  105-415.  19.50. 

50.  Braunbek  \V.  Zur  Beugung  an  iPr  krrisformigen  Offnung. 
Zeils.  fur  Physik,  138.  I.  80  S3.  1954. 

31.  Braunbek  W.  Zur  Beugung  an  Offnnngen  in  uichlebeneti 
Schirmen.  Zeils.  fur  Physik,  1.56.  I.  GS,  1959, 

32.  Frahn  \V.  E  Beugung  e! 'ktrmn.’gnctischcr  Weilen  in  Braun* 
bef.schcr  NShcrung.  I  Zeils.  fur  I’liysik.  136,  I,  78,  1959. 

33.  Frahn  W.  E.  Beugung  eli-Mromagnctisrher  Weilen  in  Braun* 
kksclier  Naherung.  If.  Ze'li.  fur  Pliyj..  156,  Xt  2,  99,  1959. 

34.  Be.iKHHa  M.  F  JmfpaKmt*  *.ickrpoMarHHTKMx  bojth  m 
lnexe.  B  c6.  <jHd>paKmia  ~ieKTpo«ariuiTHbix  do.ih  Ha  Hexoropus 
re.ux  spauieHHO.  Mjj-so  <Coaerrkoe  paano*.  1957,  (crp.  148—174). 

35.  Haaxoa  B.  II.  KopoTxOBO.lHOBax  aciiMnioruxa  jH^paxtiHon* 
•*oro  naia  a  tchii  iuca.it.Ho  npoiojsuuero  nspaGn.iHiecxoro  UH-iHHaps. 
«PaaiiOT«XHiixa  m  jaexTpouiiKi*.  5,  MV  3,  393 — 402,  I960. 

36.  HalHoa  B.  H  .iH^paxmia  xoporxux  n.locxHX  a.iexrpouar- 
nhihmx  ao.iH  Ha  r.iaaxoM  nwnyK.ioM  uii.noupe  npH  HaxnoHHOM  naae- 
bmh.  cPaaHotexHiixa  h  j.icKr;>OHHKi»,  5,  .V»  3,  524—528,  I960. 

37.  T  o  p  a  ii  h  o  a  A.  C.  AcimnTOTH'ieexoe  pcwcHHC  aaaaxa  o  as* 
^paxuim  n.iocxofl  MrKrpOMariiitTiioil  do.ihu  m  np osoamueH  UHXxxap*. 
<PaaHOTexHiiKa  h  3,ieKrpoHiixa»,  3,  Mi  5,  603—614,  1958. 

38.  Fe  I  sen  L.  B.  Backscatfering  from  wide-angle  and  narrow* 
angle  cones  Jmirn.  Appl.  Phys  26,  Mi  3,  138 — 151,  1956. 

39.  Siegel  K.  At.  Crispin  J  W.  and  Schensted  C.  E 
E'eclromagneii.-  and  acoustical  scattering  from  a  semi-infinite  cone 
.Inurn.  Appl  Phys..  26.  Xt  3,  309  -313,  195* 

40.  Top*  ii  ii  o  a  A.  C.  .Imppaxunx  n.iocxoA  j.iexTpoMirHHTXoi 
noniiM,  pacnpocrpanMiouicftcH  sao.ik  ocr  xoHyca.  «PaaHorexHHxa  a 
4.icKTpomtxa»,  6.  Mi  1,  47—57,  1961. 

41.  Siegel  K.  AV.  Goodrich  R.  F..  Weston  V.  H.  Com¬ 
ments  on  far  field  scattering  from  bodies  of  revolution.  Appl.  Set 
Res..  Section  B.  volume  8,  p.  8,  1959. 

12.  Keller  J.  B  Diffraction  by  a  convex  cylinder.  Trana.  IRE, 
AP-4,  Mi  3.  312-321.  1956. 

43.  K  c  1 1  e  r  J.  B.  Diffraction  by  an  aperture,  t.  Journal  of  Appl. 
Phys.  26.  MV  4,  426  -444,  1 957  Diffraction  bv  an  aperture,  II.  Joum. 
Appl.  Phys .  28.  Mi  5.  570  -579.  1957 

>4  Keller  J  B.  Backscatlering  from  a  finite  coue.  Trans.  IRE, 
AP-8.  MV  2.  175-  182.  I960.  Baoksrnltcring  from  a  finite  cone — com¬ 
parison  of  theory  and  experiment,  Trans.  IRE,  AP-9,  MV  4,  411,  1961. 

45.  Schensted  G.  E.  Elect:omagnc tic  and  acoustic  scattering 
bv  .1  semi-infinite  boby  of  revolution  Jncm.  Appl.  Phys.,  26,  MV  3, 
.106-306,  1955. 

46.  Cl  cm  mow  P.  C.  Edge  currents  in  diffraction  Theory. 
Transactions  IRE,  Antennas  and  Propagation,  AP-4,  MV  3,  282— 
287.  1956. 

47.  Millar  R.  F.  An  approximate  theory  of  the  diffraction 
of  an  electromagnetic  wave  by  an  aperture  in  a  plane  screen.  Proc. 
Inst.  Electrical  Enges.,  Pari  C.  103,  MV  3.  177.  1956. 

18.  ,'li  1 1  a  r  R.  F.  The  diffraction  of  an  electromagnetic  wave 
h\  a  circular  aperture.  Proc.  Inst.  Electrical  Engrs.,  Part  C,  104. 
MV  5,  1957. 

19.  Millar  R.  F.  The  dilfraclioii  of  an  electromagnetic  wave 
by  a  large  aperture.  Proc.  Inst.  Electrical  Engrs.,  Part  C,  104, 
Mr  6.  1957. 

50.  Ilandbucli  der  Physik.  Bd  25'!.  Krixt aiioptik.  Beugung. 
Berlin,  Springer,  1961.  H.  Honl,  A.  W.  Alsae,  K.  Wcsipfahl.  Theorie 
der  Beugung  (S.  213  -592). 

51.  Karp  S.  V.  and  Russek  A.  Diffraction  by  a  wide  slit. 
Journal  of  Applied  Physics,  27,  MV  8,  886—891,  1956. 

52.  Buchal  R.  N.  and  Keller  J.  B.  Boundary-  Layer  Problems 
in  Diffraction  Theory.  Commun.  Pure  and  Appl.  Malhem.,  13,  J4V  I, 
85—114.  I960. 


r?o 


FTD-HC-2 3-259-71 


•i.l.  r  p  it  ii  <S  e  p  r  T.  A.  Iloniaii  Menu  pe:-:e:mn  iai.mil  aHi$p.'*KUHH 
*.icKrpoM.iriiiirHUx  bo.ih  hi  o.iockocth  c  Ct jrpaairiiiofi  npsMO;mneit- 
itoii  uu’.ibto  h  po.KTBCinibit  efi  npcS.iex.  /KT<5,  27,  MV  II,  2593 — 
2603,  1957. 

31.  T  p  h  h  6 1  p  r  T.  A.  Meroa  peiue;i;i*  aH^paxitKOHiiHX  saaas 
a.ia  ii.iocxhx  Maoa.ii.ao  npoBoamiiHx  3xpaao3.  ociionaimufl  Ha  M3yae* 
huh  aanoaHMUX  Ha  <xpanax  tchobux  tokob.  /KT<J>,  28,  MV  3,  542 — 554, 
535-568,  1958. 

55.  rpHHfiepr  I*.  A.  O  awbpaxuHH  «.icxTpOMarHHTHUx  Bonn  hb 
no.iore  kohciiiom  iiinpiinu.  UAH  CCCP.  129.  Mi  2,  295 — 298,  1959. 

56.  T  p  h  ii  6  e  p  r  T.  A.  h  11  h  m  e  h  o  s  K>.  B.  K  Bonpocy  o  a»- 
$paxuHH  aaoKipovarwHiHux  bo.ih  Ha  naea.ii,HO  npoaoaiiiaeft  mocko- 
ctm  e  xpyr.iuu  orBepo-Hesi.  /K.  T.  <t>.  29,  Mi  10,  1206—1211,  1959. 

37.  r  p  ii  h  6  c  p  r  T.  A.  ii  K  o  .1  e  c  :i  a  k  o  *  a  3.  *t.  K  aonpocy 
o  .imppaKuim  a.ioxrpoMaraarmJX  ':o.ih  iij  ii  :o:i.ii.:!o  .1.  <n.umne\i  iuo- 
okov  MUhije.  >KT<1>,  31,  MV  1,  13  -17.  1961. 

53.  Millar  R.  F.  Difiraiu.u  oy  a  wide  s':',  ar-.l  ..niplomentary 
strip  Troc.  Cambridge  Ptiiloxaphioal  Society.  31.  1.  179—496,  497 — 
511,  195S 

59.  K  i  h  r  P.  ii  V  T  ail  •  ll  i  y  a  b.  Pacces'ine  i  a  :'}ipaKii,!M  sick- 
tpova.UHTSiwx  ho.ih.  nepcBoa  c  a;:r.~in>  ku.'o  noa  peaaxmieB 
3  .1.  Cyp.iiTciiiia.  ll.ia-ao  iiiiocrpaiiaoii  .i.iteparypM,  1932. 

60.  K  it  H  0  e  p  B  E.  O  Ookobom  i:3.i\  'iohith  jep::a.iMib!x  aareiiH 
•  Paaiioreviiixa  a  B.icKTpoaiiKa*.  MV  I.  313—558,  1951. 

61.  Kii.iiicp  B.  E.  Pa  i.)ii:<:i  vex;av  O.ihjko  pjcnoao-acemibiMii 
lepKa.ibHbi  hi  a  iromiaMH.  Paanorcx'iiiKa  it  uoarpoaiixa*,  6  Mi  6, 
907-916,  1961. 

62.  KnilOe;  B.  E.  O  liiiJ>paKU!in  fclexrpOManiiiTHbix  bo.ih  Ha 
MoriyroM  noBcpxaocTii  x?y:o;:oro  mumilpa.  ‘Pa.liiorexHiixa  h  i.ick- 
ipo.i.ixa*.  6.  Mi  «.  1273-1283.  1961. 

iil  K:;"oe;>  ii  E.  O  iHihpaxmiit  j.ieKrpuM.iniiii-ii.-x  Bo.ia  Ha  bo- 
riiytofl  no9op\'i;vru  oifepu  •  PaaiinTcxiiiixa  ii  3.icKTpomixa»,  6.  Mi  10, 
1652—1657.  1961. 

61.  <P  o  x  B.  A.  Tcopmi  .iihJ),'3ki;iih  or  njpau.uoiua  Bpameiin*. 
CuopaiiA  c.liuppaKmix  »,icxTpo-.;atiiitriiM.x  ho.ih  aa  lu-xorapu.x  re.iax 
»pau;oi:ir.i».  Maa-iio  4Conercxoc  paa:io».  1957. 

65.  <P  o  x  B.  A.  it  <t>  c  a  o  p  o  b  A.  A  .liiiJ-pasmiH  H.iooKOil  a.icx- 
rpo.varmiriii.ri  bo.i-i.,  na  iuo.rn.uo  ii.’oboibiuom  napa'o.ioiue  Bpaiue- 
Hits.  >KT4>.  26.  MV  II.  2518- -2566.  1958. 

66.  <l> ox  B.  A.  Tlo.ic  or  soprnxa.ibiinro  ii  ropi!3o.i:a.n.noro  aHno- 
,iii,  tipTMoaiiiiroro  naa  rtosepxnoorwo  jov.nt.  /K3F-J>,  19,  MV  10, 
916-929.  1919. 

67.  .iooiiroBHH  .'l.  A.  06  oawoM  sii-Toae  pOTuo’Hifl  3aaas 
o  pacapocrpaav  i  in  MCKTpovaraiiutux  ho.ih  ii.io.ib  noeepxHocrH  3cm- 
■lii.  Hu.  AH  CCCP.  cep.  $113.  8.  16-22.  1914. 

68.  .'IeoHroBim  At.  A.  ii  $o<  B.  A.  Pcmeiiao  jaaani  o  pac- 
npocTpa!ioi!im  i.ioxTpoMaraitTaux  bo.hi  b.io.t:,  noBo;>\,:.>:rii  3C-i.hi  no 
Meioay  napaOo.iiiaecxoro  ypaBHOiiim.  /K3Td>.  16,  MV  7.  5i7 — 573,  1916. 

69.  <J>  o  x  B.  A.  Tcopiis  paciipootpatieHiis  pa  mo  -.vi  n  tiooaHO- 
I  oaaoa  atMoc$o->o  a.in  npiinoaiiHroro  iioiosiinxa.  II3B  .\H  CCCP,  14, 
MV  1.  70-94,  1950 

70.  <J>  o  x  B.  A.  flo.ie  n.incxoii  uo.imj  »fl.lii3ii  noaopxim  tth  npoBO- 
aamcro  rc.ia  Hjb.  AH  CCCP,  cep.  $113  10,  MV  2,  171— iS-3,  1916. 

71.  B  a  ii  h  ui  r  c  ii  a  ,1.  A.  d>caopoi»  A.  A.  Pa.-oo :  ‘m  h.iockhx 
ii  mi.iii  Mpa'io.xiix  bo.ih  Ha  m-iiiiitii  iookom  mi.iimape  .<  Koiiacamis 
an$paKuaoaiiux  .ivMcfi  «Paanorexnnxa  it  i.ioxipoaaxa*,  6,  MV  1 
31-46,  1961. 

72.  51  a  a  io  a.  n  ii  e  u  T.  .1  it  B  a  ii  ii  m  t  o  ii  ii  .1,  A.  fTo acpc>maii 
jwpipyaits  npii  ai;$p.iKuiiii  i,a  iiMno.iaiiciioM  iia.iimape  6o.r.„:oro  pa- 
.inyc,i.  ii.  I  Ilapaoo.insecKnp  ypamio'iiie  b  .ivu—.i.-x  an  pluaarax 
»PainOTo.xiniK3  ii  o.iosrpoH'iixa»,  6,  ,Ve  8.  1247—1258,  1951. 

7,1  B  a  ii  h  in  r  o ii  h  .1.  A  ,  M  a.i  kuk  n  licit  T.  .1.  noropeaaas 
aii$$viiiH  npii  imJip.iKuna  iia  HMnoiaiioaoM  i;-i.ii  it  pc  ortMiiol-o 
paaiiyra.  s.  II  \..n: arormooKiio  jaxoma  .iii$p.ixu a-i  3  "o.-.np'tjjx  ko- 
opamiarax.  «Paj  ion-xiuiKa  pi  -.losrpoaiisa*.  6,  MV  9.  1132  -1195,  1961. 

74.  ipeaopoa  A.  A.  AciixinrorH-iecxoie  peiaoaiie  3ai  >m  o  aH- 
$pai:uaH  naocxoil  jjexTposiarHHriioS  bo.ihu  na  luea.ibao  npoBOamueJ 


PTD-  HC-  2  3-  5  9-71 


v$epe  Pa.jiiorc\:iixj  h  ,.ick  r pomixa*,  3.  12.  1451  — 1162,  1958 

75.  Chytil  B  The  depdaiisation  o(  electromagnetic  waves 
backseat'.- ring  fr  >:n  icn.i.n  bodies  Price  ORE— CSAV,  .Vs  17,  Praha. 
1961. 

76.  Chytil  B.  Depolarisation  by  randomly  spared  srallereri. 
Price  ORE— CSAV,  .V,  20.  Praha,  1961. 

.77.  Chytj_l  B  Pol.ir  ia'.on  dependent  scattering  cross -sect  ion*. 
Price  ORE— CSAV.  .\t  21.  Praha.  1961. 

73.  Beckmann  P  ike  depolarisation  oi  electromagnetic  waves 
by  inclined  planes.  Price  t  KT.  -CSAV,  .V*  19,  Praha,  1961. 

79.  1. indroth  K  R.ilection  o(  electromagnetic  waves  from 
thin  metal  strips  Trans  Rov  Inst,  of  Techno!.,  Stockholm,  Sweden, 
.V?  91,  1955. 

50  Ha  lien  T  Theoretical  inwstigations  into  the  transmitting 
and  receiving  qualities  o:  anlenu.ie.  Vova  Acta  Roy.  Soc.  Sci„  L'psala 
(4).  sol.  II,  Ser.  IV,  1938. 

81.  B  a  (1  h  ui  r  e  Ifn  .1.  A  Bo/niu  roxa  ii  tohkom  uit.niHjpiiaecxoM 
KpoBojHHxe  I.  Tox  n  iiMiie.iauc  .icucjaioiiicro  Biifiparopa.  )KT<b.  29, 
,\»  6.  673-688,  1959. 

82.  Baii  n uire Tm  ,1.  A.  Bu.ihh  n>x*  »  tohxom  muiiHapHiecxOH 
n;o3oan:iKe  II.  Toe  u  narciiaiioi:  xnCparope  ii  xa.iyvemie  nepejaio- 
utcro  Biir.paropa  >KT<J>,  29,  .V;  6.  GS9— 699,  1959. 

33.  B a  fin ui  r  c ft  u  71.  A.  Bo.t  iu  roxa  a  tohxom  muiiuipiiaccxox 
npoaoimixe.  III.  BapnaiiiiniiHh'ii  ncroj  h  ero  npii aeiieinic  x  reopHM 
xaea.ihiioro  it  iiM.-ic’aniioro  npoeoaoB  >K.T<t>.  31,  ,Y«  1,  29—44,  1961. 

81.  B  a  ft  ii  in  r  c  ft  ii  71  A  Bo.ni hi  inxa  a  toiikom  muiiHapimecKou 
iiposoariiixe.  iV.  Bsomo'i  ii'tneaaiic  •uirtparopa  n  rn'iiiocn,  (bonny a. 
7KT0,  31.  ,Y»  1,  45—50,  1951. 

85.  71  e  o  h  t  o  b  n  a  31  A  ii  71  c  a  h  ii  M.  71.  K  Tcopim  BoaCyarje- 
mm  KO.rr'iaHiifl  a  Biifiparopav  a.ireiia.  >KT<Ji,  14,  ,\V  9,  481—506,  1914. 

80.  V  a  n  Vie  ex  J.  Ii.  Bloch  F.  and  Hamermcsh  M. 
Theory  of  radar  rcflect'on  from  wires  or  thfn  metallic  strips  Journ. 
Appl.  Pliys.,  16,  Xt  3,  271-294,  i'.'17. 

S7.  T  a  I  C.  T.  tier!  rom.ignetlc  back  scattcrfiig  from  cylindrical 
wires.  Jonrn.  Appl.  Phis,  23.  Xi  *,  903  —916,  1952. 

83.  Kan  iiu a  fl.  ,1.,  Oox  B.  4  u  BaltHuiTeAH  71.  A,  Chx- 
Mcrpiiviiue  Ko.icOamts  nara.rsHo  nnoio.inmcro  uo.ioro  ULiiuupa  xo- 
HexHoft  a.niHbi.  JKTO,  29,  .V;  10,  1168—1205,  1959. 

59.  To  nop  y  ii  H.  II.  rfucncunoe  ptmcHiie  iiHrerpa.ibiioro  ypasxe- 
Hii*  nepaoro  po.ra  i.nt  niorHu.ru  roxa  a  aurcHiic  —  rc.ie  opauieiiii*. 
«)KypHa.i  oUHHC.ntre.ibtio.i  M.itcMaruxa  h  MareMaru'iecxofi  dmiHKu*. 
I.  .Y»  4,  6Q4— 679.  1961. 

90.  Ha  116 n  E.  Exact  Solution  of  the  Antenna  Equat'on. 

Transactions  of  the  Poyal  Institute  of  Technology,  Stockholm,  Swe¬ 
den,  Nr  133,  1961.  ’ 

91.  Duncan  R.  H.  and  Hinchey  F.  A.  Cylindrical  Anfenna 
Ttieory,  J.  Research  Nat  Bur.  Standards  64D.  569.  1960. 

92.  B  a  fi  k  w  t  e  i'i  h  ,1.  A.  Crarmiecxiie  aasavn  jem  norioro  m»- 
.viHapa  Koiiexiiofi  .v  ::.u  (If  Hur.ieii.i'je  pcay.ibraru:  111  npn6.iHj«ea' 
’iiae  (pop'iyau).  >KT<b.  32,  .Y*  10,  1962 


FTD-HC-23-P59-71 


SYMBOL  LIST 


Russian  Typed 


Meaning; 
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cylindrical 
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disk 


